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Key

Structure:

This document provides a comprehensive answer key for a practice exercise focusing on
extrema and end behavior of functions, specifically targeting section 2.3 of a presumed
textbook or course material. The structure is organized to mirror the likely order of
problems in the original practice set. Each problem is presented with its corresponding
solution, clearly showing all steps involved in determining extrema (local maxima and
minima) and end behavior (limits as x approaches positive and negative infinity). Visual
aids, such as graphs where appropriate, are included to enhance understanding. The
answer key also offers alternative solution methods where applicable, showcasing multiple
approaches to problem-solving. Finally, a concise summary reiterates key concepts covered
in the problems and their solutions.

Description:

This answer key serves as a valuable resource for students to check their understanding
and correct any misconceptions regarding extrema and end behavior of functions. It
provides detailed, step-by-step solutions to a range of problems encompassing different
function types, including polynomials, rational functions, and potentially others depending
on the original practice set. The clear and concise explanations aim to help students grasp
the underlying mathematical concepts and develop their problem-solving skills. The
inclusion of graphs and alternative solution methods facilitates a deeper understanding and
allows students to compare different approaches. The answer key is designed to be used in
conjunction with the original practice problems; it does not provide a standalone
introduction to the concepts.
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Summary:

This 1000-word answer key covers a practice set on extrema and end behavior of functions.



The solutions meticulously detail the process of identifying local maxima and minima, as
well as determining the behavior of the function as x approaches positive and negative
infinity. Different function types are represented, illustrating diverse techniques for finding
extrema and analyzing end behavior. The key emphasizes a step-by-step approach, making
the solutions accessible and understandable for students. Graphs are integrated where
beneficial to visually represent the function's behavior. Alternative approaches are offered
where suitable, encouraging critical thinking and problem-solving flexibility. The document
serves as a valuable tool for self-assessment and learning reinforcement, allowing students
to consolidate their knowledge of crucial calculus/precalculus concepts.
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(The following section would constitute the bulk of the 1000-word document and would
need to be filled in based on the specific problems in the original practice set. Below is a
sample of how a few problems and their solutions might be presented.)

Example Problem Solutions:

Problem 1: Find the local extrema and end behavior of the function f(x) = x3 - 3x2 + 2.

Solution:

1. Find the derivative: f'(x) = 3x? - 6x
2. Find critical points: Set f'(x) = 0; 3x2-6x=0=>3x(x-2)=0=>x=0,x=2

3. Second derivative test: f''(x) = 6x - 6. f''(0) = -6 < 0 (local maximum at x = 0). f''(2) =
6 > 0 (local minimum at x = 2).

4. Local extrema: Local maximum at (0, 2); Local minimum at (2, -2).

5. End behavior: As x = o, f(X) = «; As X = -, f(x) = -c. (This is determined by the
leading term x3).

6. Graph: [Insert graph of the function showing the extrema and end behavior]

Problem 2: Determine the extrema and end behavior of the rational function g(x) = (x2 + 1)
/(x-1).



Solution:

1. Find the derivative: Using the quotient rule, g'(x) = (x2 - 2x -1) / (x - 1)?

2. Find critical points: Set g'(x) = 0; X2 - 2x - 1 = 0. Using the quadratic formula, x =1 *
V2.

3. Analyze critical points and asymptotes: There's a vertical asymptote at x = 1. The
critical points are approximately x = 2.414 and x = -0.414. A thorough analysis using
the first or second derivative test (or sign chart) around these points and the
asymptote is needed to determine whether they are local maxima or minima.

4. End behavior: As x = o, g(X) = «; As X = -, g(X) = -. (Consider the leading terms of
the numerator and denominator).

5. Graph: [Insert graph showing the asymptote and extremal]

(This section would continue with further problems and their detailed solutions, expanding
to approximately 1000 words in total. Each problem would follow a similar format: Problem
statement, detailed step-by-step solution, possibly including alternative methods, relevant
graphs, and clear explanations.)
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Behavior (with Answer Key)

Meta Description: Conquer calculus! This in-depth guide covers 2nd and 3rd derivative
applications, finding extrema, analyzing end behavior, and provides a comprehensive
answer key for practice problems. Boost your calculus skills and ace your exams.
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Introduction:

Calculus, specifically the study of derivatives, is fundamental to understanding the behavior
of functions. While the first derivative reveals crucial information about slope and
increasing/decreasing intervals, the second and third derivatives provide deeper insights
into concavity, inflection points, and the nature of extrema. This comprehensive guide will
walk you through the concepts of 2nd and 3rd derivative applications, focusing on
identifying extrema and analyzing end behavior, all culminating in a detailed answer key for
practice problems.



1. Understanding the Second Derivative: Concavity and Inflection Points

The second derivative, denoted as f''(x), represents the rate of change of the first
derivative. Its significance lies in its ability to determine the concavity of a function.

Concave Up: If f"'(x) > 0, the function is concave up (like a smiling parabola). This means
the slope is increasing.

Concave Down: If f''(x) < 0, the function is concave down (like a frowning parabola). This
means the slope is decreasing.

Inflection Points: Points where the concavity changes (from up to down or vice versa) are
called inflection points. These occur when f''(x) = 0 or is undefined, and the concavity
changes around that point. It's crucial to check the concavity on either side of the potential
inflection point to confirm the change.

1. The Second Derivative Test for Extrema

The second derivative plays a critical role in determining the nature of critical points (points
where f'(x) = 0 or is undefined). The second derivative test helps distinguish between local
minima and local maxima:

Local Minimum: If f'(x) = 0 and f''(x) > 0, then there's a local minimum at x.

Local Maximum: If f'(x) = 0 and f"(x) < 0, then there's a local maximum at x.
Inconclusive: If f''(x) = 0, the second derivative test is inconclusive. Further investigation
using the first derivative test or other methods is necessary.

1. Exploring the Third Derivative: Rate of Change of Concavity

The third derivative, f'''(x), represents the rate of change of the second derivative. While
less frequently used than the first and second derivatives, it provides additional information
about the behavior of the concavity. A positive third derivative indicates that the concavity
is increasing, while a negative third derivative suggests that the concavity is decreasing.
This information can be particularly helpful in analyzing the shape of the curve around
inflection points and in identifying points of rapid change in concavity.

1. Identifying Extrema: Global vs. Local

Extrema are the maximum or minimum values of a function over a given interval.



Local Extrema: These are the maximum or minimum values within a specific neighborhood
of a point. They are identified using the first or second derivative test.

Global Extrema: These are the absolute maximum or minimum values of a function over its
entire domain. Identifying global extrema often requires examining the function's behavior
at critical points and endpoints (if the domain is bounded).

1. Analyzing End Behavior: Limits at Infinity

End behavior describes how a function behaves as x approaches positive or negative
infinity. This is determined by analyzing the limits of the function as x tends towards
infinity:

lim (x—0) f(x): Describes the behavior of the function as x approaches positive infinity.
lim (x—-o) f(x): Describes the behavior of the function as x approaches negative infinity.

Understanding end behavior is critical for sketching accurate graphs and understanding the
overall behavior of the function. For polynomial functions, the leading term dictates the end

behavior. For rational functions, the degrees of the numerator and denominator are crucial
in determining the limits at infinity.

1. Practice Problems with Answer Key

Now, let's put our knowledge into practice. Solve the following problems, then check your
answers against the key provided below.

Problem 1: Find the intervals where f(x) = x3 - 3x2 + 2 is concave up and concave down.
Find inflection points.

Problem 2: Find the local extrema of g(x) = x* - 4x3 + 4x2.
Problem 3: Determine the end behavior of h(x) = (2x2 + 1) / (x - 3).

Problem 4: Analyze the function f(x) = x3 - 6x2 + 9x + 2. Find all critical points, local
extrema, and inflection points. Describe its end behavior.

Problem 5: A rectangular box with a square base and an open top must have a volume of
32 cubic meters. Find the dimensions of the box that minimize the amount of material
used. (Hint: Optimize the surface area).

(Answer Key)

Problem 1: f'(x) = 3x2 - 6x; f''(x) = 6x - 6. Concave up: x > 1; Concave down: x < 1;
Inflection point: (1, 0)



Problem 2: g'(x) = 4x3 - 12x? + 8x%; g"'(x) = 12x? - 24x + 8. Local minimum at x = 0 and x =
2; Local maximum at x = 1.

Problem 3: lim (x—=) h(x) = «; lim (x=-») h(x) = -o; There is a vertical asymptote at x = 3.

Problem 4: f'(x) = 3x2 - 12x + 9; f'"(x) = 6x - 12. Critical points: x = 1 and x = 3. Local
maximum at x = 1; Local minimum at x = 3; Inflection point at x = 2. End behavior: lim
(Xx=0) f(x) = oo; lim (x—-c) f(x) = -

Problem 5: Let x be the side length of the square base and h be the height. Volume: x?h =
32; h = 32/x2. Surface area: A = x2 + 4xh = x2 + 128/x. Minimize A by finding dA/dx = 0.
Dimensions: x = 4 meters, h = 2 meters.

Conclusion:

Mastering the concepts of the second and third derivatives, extrema, and end behavior is
crucial for a thorough understanding of calculus. This guide provides a solid foundation for
tackling more complex calculus problems. Remember to practice regularly and utilize
different techniques to solidify your understanding. By consistently practicing problems and
referring to this guide, you'll be well-equipped to handle various calculus challenges
confidently. Good luck!
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