derived algebraic geometry

Derived Algebraic Geometry: Unraveling the Mysteries
of Schemes and Sheaves

Introduction:

Are you fascinated by the elegant interplay between algebra and geometry? Do you yearn to
understand the powerful tools that allow mathematicians to tackle complex problems involving
spaces defined by polynomial equations? Then prepare to delve into the fascinating world of derived
algebraic geometry (DAG). This comprehensive guide will provide a clear, accessible introduction to
this sophisticated field, exploring its core concepts, applications, and future directions. We’ll move
beyond the basics of algebraic geometry, venturing into the rich landscape of derived categories and
their geometric interpretations, revealing how DAG provides a more robust and nuanced perspective
on algebraic varieties. Get ready to unravel the mysteries of schemes, sheaves, and the power of
derived structures!

What is Derived Algebraic Geometry?

Derived algebraic geometry, at its heart, is a generalization of traditional algebraic geometry. While
algebraic geometry studies algebraic varieties (geometric objects defined by polynomial equations),
DAG extends this framework by employing the powerful language of derived categories. Instead of
working directly with the spaces themselves, DAG works with their derived categories of coherent
sheaves. A coherent sheaf is, roughly speaking, a way to assign algebraic data (like vector spaces)
consistently to open subsets of a geometric space. The derived category of coherent sheaves
encapsulates not only the sheaves themselves but also their higher-order relationships, captured in
the language of homological algebra. This added layer of information allows for a richer, more
flexible understanding of algebraic varieties and their properties.

Key Concepts in Derived Algebraic Geometry:
1. Derived Categories: The Foundation

The cornerstone of DAG is the concept of a derived category. A derived category is a sophisticated
algebraic structure constructed from a category of chain complexes (sequences of objects connected
by morphisms). This construction resolves many of the limitations of working directly with individual
objects, allowing for a more refined analysis of algebraic structures. Think of it as a way to "smooth
out" singularities and handle complex relationships within a category. The derived category captures
homological information that is crucial for understanding subtle aspects of algebraic varieties.

2. dg-Categories and dg-Sheaves: Moving Beyond Traditional
Categories

Traditional algebraic geometry often deals with categories of sheaves. DAG extends this by using dg-



categories, which are categories enriched with additional structure. These differential graded (dg)
categories incorporate differentials, leading to a more nuanced understanding of morphisms and
their compositions. Similarly, DAG utilizes dg-sheaves, which are sheaves whose values are chain
complexes. This allows for the incorporation of homological information at a fundamental level.

3. Derived Schemes: A Refined View of Algebraic Varieties

In traditional algebraic geometry, schemes provide a powerful generalization of algebraic varieties.
DAG generalizes this concept further, introducing derived schemes. These objects incorporate the
richer information contained within the derived category of coherent sheaves, providing a more
complete picture of the geometric space. Derived schemes are equipped with more flexible tools for
handling singularities and other challenging geometric features.

4. Applications and Significance of DAG

The applications of DAG are wide-ranging and impactful. Its power lies in its ability to handle
singularities and non-commutative structures elegantly. This allows for applications in:

Mirror Symmetry: DAG provides crucial tools for understanding mirror symmetry, a surprising
duality between certain pairs of geometric spaces.

Quantum Field Theory: The mathematical structures of DAG resonate with aspects of quantum field
theory, providing new avenues for investigation and potentially deep connections.
Non-commutative Geometry: DAG offers a powerful framework for studying non-commutative
geometry, a field that explores spaces where the usual rules of multiplication do not apply.
Homological Mirror Symmetry: This highly active area of research leverages DAG to establish the
correspondence between symplectic geometry and algebraic geometry.

A Hypothetical Textbook Outline: "An Introduction to Derived Algebraic Geometry"
Author: Dr. Evelyn Reed

Introduction: What is DAG? Motivation and Overview.

Chapter 1: Prerequisites: Review of category theory, homological algebra, and basic algebraic
geometry (schemes).

Chapter 2: Derived Categories: Construction and properties of derived categories; localization;
triangulated categories.

Chapter 3: dg-Categories and dg-Sheaves: Introduction to dg-algebras and dg-modules; dg-
categories; dg-sheaves on schemes.

Chapter 4: Derived Schemes: Definition and properties of derived schemes; examples and
constructions.

Chapter 5: Applications: Exploring applications in mirror symmetry, non-commutative geometry, and
other areas.

Conclusion: Summary of key concepts and future directions of research.

Chapter Details:

Chapter 1: Prerequisites: This chapter would serve as a foundation, reviewing essential concepts



from category theory, homological algebra, and basic algebraic geometry. It would cover topics like
categories, functors, abelian categories, derived functors, schemes, sheaves, and coherent sheaves.

Chapter 2: Derived Categories: This chapter would dive into the heart of DAG, introducing the
notion of derived categories. It would detail the construction of derived categories from chain
complexes, explore their properties as triangulated categories, and discuss important tools like
localization.

Chapter 3: dg-Categories and dg-Sheaves: This chapter would introduce the more advanced
concepts of dg-categories and dg-sheaves. It would cover the algebraic details of these structures,
their properties, and how they generalize traditional categories and sheaves.

Chapter 4: Derived Schemes: Building upon the previous chapters, this would define and explore the
concept of derived schemes. It would detail their construction, properties, and illustrate their
differences compared to classical schemes. Examples of derived schemes would be explored and
methods for constructing them would be presented.

Chapter 5: Applications: This chapter would highlight the importance of DAG by showcasing its
applications in different mathematical areas such as mirror symmetry and non-commutative
geometry. Examples and case studies would be discussed.

Conclusion: The conclusion would summarize the key ideas and concepts covered in the book,
placing DAG in context with its wider applications and hinting at promising avenues for future
research.

Frequently Asked Questions (FAQs)

1. What is the difference between algebraic geometry and derived algebraic geometry? Algebraic
geometry studies algebraic varieties directly. DAG uses the richer structure of derived
categories to study these varieties, revealing finer details and handling singularities more
effectively.

1. Why are derived categories important in DAG? Derived categories provide a framework to
handle homological information crucial for understanding the subtle relationships between
different algebraic objects.

1. What are derived schemes? Derived schemes are generalizations of schemes that incorporate
the information encoded in the derived category of coherent sheaves, providing a more
complete picture of the underlying geometric space.

1. What are some applications of DAG outside of pure mathematics? While primarily a



mathematical field, DAG has potential applications in theoretical physics, particularly in string
theory and quantum field theory.

1. Is DAG a highly specialized field? Yes, it is a specialized area within algebraic geometry,
requiring a strong foundation in algebra, geometry, and homological algebra.

1. What are some of the challenges in working with DAG? The abstract nature of derived
categories and the complex computations involved can be challenging for newcomers.

1. What are some current research areas in DAG? Active research areas include developing new
computational techniques, exploring connections to physics, and applying DAG to non-
commutative geometry.

1. Are there any good resources for learning DAG? While introductory texts are limited, research
papers and advanced textbooks on homological algebra and algebraic geometry provide a
necessary foundation.

1. How does DAG relate to other fields of mathematics? DAG is deeply connected to homological
algebra, category theory, and topology, and has growing links with theoretical physics.

Related Articles:

1. Introduction to Sheaf Theory: A primer on the fundamental concepts of sheaves and their
importance in algebraic geometry.

1. Homological Algebra for Beginners: A gentle introduction to the essential concepts of
homological algebra, providing a foundation for understanding DAG.

1. An Overview of Scheme Theory: A comprehensive explanation of schemes, their properties,



and their role in modern algebraic geometry.

1. Derived Functors: A Detailed Explanation: A thorough exploration of derived functors and their
applications in homological algebra.

1. Triangulated Categories: Fundamentals and Applications: A detailed discussion on
triangulated categories and their importance in various areas of mathematics.

1. Introduction to Category Theory: An accessible introduction to the basic concepts of category
theory, laying the foundation for understanding more advanced topics.

1. Mirror Symmetry: A Brief Overview: An overview of mirror symmetry and its connections to
algebraic geometry and string theory.

1. Non-Commutative Geometry: An Introduction: A general introduction to the exciting field of
non-commutative geometry.

1. The Role of Cohomology in Algebraic Geometry: An exploration of cohomology theories and
their applications in the study of algebraic varieties.

derived algebraic geometry: Derived Algebraic Geometry David Ben-Zvi, Damien Calaque,
Julien Grivaux, Etienne Mann, David Erie Nadler, Tony Pantev, Marco Robalo, Pavel Safronov,
Gabriele Vezzosi, 2021

derived algebraic geometry: A Study in Derived Algebraic Geometry Dennis Gaitsgory,
Nick Rozenblyum, 2017 Derived algebraic geometry is a far-reaching generalization of algebraic
geometry. It has found numerous applications in various parts of mathematics, most prominently in
representation theory. This volume develops the theory of ind-coherent sheaves in the context of
derived algebraic geometry. Ind-coherent sheaves are a “renormalization” of quasi-coherent sheaves
and provide a natural setting for Grothendieck-Serre duality as well as geometric incarnations of
numerous categories of interest in representation theory. This volume consists of three parts and an
appendix. The first part is a survey of homotopical algebra in the setting of -categories and the
basics of derived algebraic geometry. The second part builds the theory of ind-coherent sheaves as a



functor out of the category of correspondences and studies the relationship between ind-coherent
and quasi-coherent sheaves. The third part sets up the general machinery of the -category of
correspondences needed for the second part. The category of correspondences, via the theory
developed in the third part, provides a general framework for Grothendieck's six-functor formalism.
The appendix provides the necessary background on -categories needed for the third part.

derived algebraic geometry: Derived Algebraic Geometry Renaud Gauthier, 2024-01-29

derived algebraic geometry: Simplicial Methods for Operads and Algebraic Geometry leke
Moerdijk, Bertrand Toéen, 2010-12-01 This book is an introduction to two higher-categorical topics in
algebraic topology and algebraic geometry relying on simplicial methods. It is based on lectures
delivered at the Centre de Recerca Matematica in February 2008, as part of a special year on
Homotopy Theory and Higher Categories--Foreword

derived algebraic geometry: Motivic Homotopy Theory Bjorn Ian Dundas, Marc Levine, P.A.
@stveer, Oliver Rondigs, Vladimir Voevodsky, 2007-07-11 This book is based on lectures given at a
summer school on motivic homotopy theory at the Sophus Lie Centre in Nordfjordeid, Norway, in
August 2002. Aimed at graduate students in algebraic topology and algebraic geometry, it contains
background material from both of these fields, as well as the foundations of motivic homotopy
theory. It will serve as a good introduction as well as a convenient reference for a broad group of
mathematicians to this important and fascinating new subject. Vladimir Voevodsky is one of the
founders of the theory and received the Fields medal for his work, and the other authors have all
done important work in the subject.

derived algebraic geometry: A Study in Derived Algebraic Geometry Dennis Gaitsgory, Nick
Rozenblyum, 2020-10-07 Derived algebraic geometry is a far-reaching generalization of algebraic
geometry. It has found numerous applications in other parts of mathematics, most prominently in
representation theory. This volume develops deformation theory, Lie theory and the theory of
algebroids in the context of derived algebraic geometry. To that end, it introduces the notion of
inf-scheme, which is an infinitesimal deformation of a scheme and studies ind-coherent sheaves on
such. As an application of the general theory, the six-functor formalism for D-modules in derived
geometry is obtained. This volume consists of two parts. The first part introduces the notion of
ind-scheme and extends the theory of ind-coherent sheaves to inf-schemes, obtaining the theory of
D-modules as an application. The second part establishes the equivalence between formal Lie
group(oids) and Lie algebr(oids) in the category of ind-coherent sheaves. This equivalence gives a
vast generalization of the equivalence between Lie algebras and formal moduli problems. This
theory is applied to study natural filtrations in formal derived geometry generalizing the Hodge
filtration.

derived algebraic geometry: Homotopical Algebraic Geometry II: Geometric Stacks and
Applications Bertrand Toén, Gabriele Vezzosi, 2008 This is the second part of a series of papers
called HAG, devoted to developing the foundations of homotopical algebraic geometry. The authors
start by defining and studying generalizations of standard notions of linear algebra in an abstract
monoidal model category, such as derivations, étale and smooth morphisms, flat and projective
modules, etc. They then use their theory of stacks over model categories to define a general notion
of geometric stack over a base symmetric monoidal model category $C$, and prove that this notion
satisfies the expected properties.

derived algebraic geometry: Fourier-Mukai Transforms in Algebraic Geometry Daniel
Huybrechts, 2006-04-20 This work is based on a course given at the Institut de Mathematiques de
Jussieu, on the derived category of coherent sheaves on a smooth projective variety. It is aimed at
students with a basic knowledge of algebraic geometry and contains full proofs and exercises that
aid the reader.

derived algebraic geometry: Equivariant Topology and Derived Algebra Scott Balchin,
David Barnes, Magdalena Kedziorek, Markus Szymik, 2021-11-18 A collection of research papers,
both new and expository, based on the interests of Professor J. P. C. Greenlees.

derived algebraic geometry: Derived Categories Amnon Yekutieli, 2019-12-19 The first



systematic exposition of the theory of derived categories, with key applications in commutative and
noncommutative algebra.

derived algebraic geometry: Simplicial Homotopy Theory Paul G. Goerss, John F. Jardine,
2012-12-06 Since the beginning of the modern era of algebraic topology, simplicial methods have
been used systematically and effectively for both computation and basic theory. With the
development of Quillen's concept of a closed model category and, in particular, a simplicial model
category, this collection of methods has become the primary way to describe non-abelian
homological algebra and to address homotopy-theoretical issues in a variety of fields, including
algebraic K-theory. This book supplies a modern exposition of these ideas, emphasizing model
category theoretical techniques. Discussed here are the homotopy theory of simplicial sets, and
other basic topics such as simplicial groups, Postnikov towers, and bisimplicial sets. The more
advanced material includes homotopy limits and colimits, localization with respect to a map and with
respect to a homology theory, cosimplicial spaces, and homotopy coherence. Interspersed
throughout are many results and ideas well-known to experts, but uncollected in the literature.
Intended for second-year graduate students and beyond, this book introduces many of the basic tools
of modern homotopy theory. An extensive background in topology is not assumed.

derived algebraic geometry: Higher Categories and Homotopical Algebra Denis-Charles
Cisinski, 2019-05-02 At last, a friendly introduction to modern homotopy theory after Joyal and
Lurie, reaching advanced tools and starting from scratch.

derived algebraic geometry: Derived Algebraic Geometry Renaud Gauthier, 2024-01-29

derived algebraic geometry: Algebraic Geometry Robin Hartshorne, 2013-06-29 An
introduction to abstract algebraic geometry, with the only prerequisites being results from
commutative algebra, which are stated as needed, and some elementary topology. More than 400
exercises distributed throughout the book offer specific examples as well as more specialised topics
not treated in the main text, while three appendices present brief accounts of some areas of current
research. This book can thus be used as textbook for an introductory course in algebraic geometry
following a basic graduate course in algebra. Robin Hartshorne studied algebraic geometry with
Oscar Zariski and David Mumford at Harvard, and with J.-P. Serre and A. Grothendieck in Paris. He
is the author of Residues and Duality, Foundations of Projective Geometry, Ample Subvarieties of
Algebraic Varieties, and numerous research titles.

derived algebraic geometry: Commutative Algebra David Eisenbud, 2013-12-01 This is a
comprehensive review of commutative algebra, from localization and primary decomposition through
dimension theory, homological methods, free resolutions and duality, emphasizing the origins of the
ideas and their connections with other parts of mathematics. The book gives a concise treatment of
Grobner basis theory and the constructive methods in commutative algebra and algebraic geometry
that flow from it. Many exercises included.

derived algebraic geometry: Birational Geometry and Moduli Spaces Elisabetta Colombo,
Barbara Fantechi, Paola Frediani, Donatella lacono, Rita Pardini, 2020-02-25 This volume collects
contributions from speakers at the INDAM Workshop “Birational Geometry and Moduli Spaces”,
which was held in Rome on 11-15 June 2018. The workshop was devoted to the interplay between
birational geometry and moduli spaces and the contributions of the volume reflect the same idea,
focusing on both these areas and their interaction. In particular, the book includes both surveys and
original papers on irreducible holomorphic symplectic manifolds, Severi varieties, degenerations of
Calabi-Yau varieties, uniruled threefolds, toric Fano threefolds, mirror symmetry, canonical bundle
formula, the Lefschetz principle, birational transformations, and deformations of diagrams of
algebras. The intention is to disseminate the knowledge of advanced results and key techniques used
to solve open problems. The book is intended for all advanced graduate students and researchers
interested in the new research frontiers of birational geometry and moduli spaces.

derived algebraic geometry: The Geometry of Schemes David Eisenbud, Joe Harris,
2006-04-06 Grothendieck’s beautiful theory of schemes permeates modern algebraic geometry and
underlies its applications to number theory, physics, and applied mathematics. This simple account



of that theory emphasizes and explains the universal geometric concepts behind the definitions. In
the book, concepts are illustrated with fundamental examples, and explicit calculations show how
the constructions of scheme theory are carried out in practice.

derived algebraic geometry: Surveys on Recent Developments in Algebraic Geometry
Izzet Coskun, Tommaso de Fernex, Angela Gibney, 2017-07-12 The algebraic geometry community
has a tradition of running a summer research institute every ten years. During these influential
meetings a large number of mathematicians from around the world convene to overview the
developments of the past decade and to outline the most fundamental and far-reaching problems for
the next. The meeting is preceded by a Bootcamp aimed at graduate students and young
researchers. This volume collects ten surveys that grew out of the Bootcamp, held July 6-10, 2015,
at University of Utah, Salt Lake City, Utah. These papers give succinct and thorough introductions to
some of the most important and exciting developments in algebraic geometry in the last decade.
Included are descriptions of the striking advances in the Minimal Model Program, moduli spaces,
derived categories, Bridgeland stability, motivic homotopy theory, methods in characteristic and
Hodge theory. Surveys contain many examples, exercises and open problems, which will make this
volume an invaluable and enduring resource for researchers looking for new directions.

derived algebraic geometry: Higher Topos Theory Jacob Lurie, 2009-07-26 In 'Higher Topos
Theory', Jacob Lurie presents the foundations of this theory using the language of weak Kan
complexes introduced by Boardman and Vogt, and shows how existing theorems in algebraic
topology can be reformulated and generalized in the theory's new language.

derived algebraic geometry: Algebraic Geometry and Statistical Learning Theory Sumio
Watanabe, 2009-08-13 Sure to be influential, Watanabe's book lays the foundations for the use of
algebraic geometry in statistical learning theory. Many models/machines are singular: mixture
models, neural networks, HMMs, Bayesian networks, stochastic context-free grammars are major
examples. The theory achieved here underpins accurate estimation techniques in the presence of
singularities.

derived algebraic geometry: Algebraic Cobordism Marc Levine, Fabien Morel, 2007-02-23
Following Quillen's approach to complex cobordism, the authors introduce the notion of oriented
cohomology theory on the category of smooth varieties over a fixed field. They prove the existence of
a universal such theory (in characteristic 0) called Algebraic Cobordism. The book also contains
some examples of computations and applications.

derived algebraic geometry: Lectures on Logarithmic Algebraic Geometry Arthur Ogus,
2018-11-08 A self-contained introduction to logarithmic geometry, a key tool for analyzing
compactification and degeneration in algebraic geometry.

derived algebraic geometry: Sheaves on Manifolds Masaki Kashiwara, Pierre Schapira,
2013-03-14 Sheaf Theory is modern, active field of mathematics at the intersection of algebraic
topology, algebraic geometry and partial differential equations. This volume offers a comprehensive
and self-contained treatment of Sheaf Theory from the basis up, with emphasis on the microlocal
point of view. From the reviews: Clearly and precisely written, and contains many interesting ideas:
it describes a whole, largely new branch of mathematics. -Bulletin of the L.M.S.

derived algebraic geometry: Algebraic Geometry and Theta Functions Arthur B. Coble,
1929-12-31 This book is the result of extending and deepening all questions from algebraic geometry
that are connected to the central problem of this book: the determination of the tritangent planes of
a space curve of order six and genus four, which the author treated in his Colloquium Lecture in
1928 at Amherst. The first two chapters recall fundamental ideas of algebraic geometry and theta
functions in such fashion as will be most helpful in later applications. In order to clearly present the
state of the central problem, the author first presents the better-known cases of genus two (Chapter
IIT) and genus three (Chapter IV). The case of genus four is discussed in the last chapter. The
exposition is concise with a rich variety of details and references.

derived algebraic geometry: Deformations of Algebraic Schemes Edoardo Sernesi, 2007-04-20
This account of deformation theory in classical algebraic geometry over an algebraically closed field



presents for the first time some results previously scattered in the literature, with proofs that are
relatively little known, yet relevant to algebraic geometers. Many examples are provided. Most of
the algebraic results needed are proved. The style of exposition is kept at a level amenable to
graduate students with an average background in algebraic geometry.

derived algebraic geometry: Algebra, Geometry, and Physics in the 21st Century Denis
Auroux, Ludmil Katzarkov, Tony Pantev, Yan Soibelman, Yuri Tschinkel, 2017-07-27 This volume is a
tribute to Maxim Kontsevich, one of the most original and influential mathematicians of our time.
Maxim'’s vision has inspired major developments in many areas of mathematics, ranging all the way
from probability theory to motives over finite fields, and has brought forth a paradigm shift at the
interface of modern geometry and mathematical physics. Many of his papers have opened
completely new directions of research and led to the solutions of many classical problems. This book
collects papers by leading experts currently engaged in research on topics close to Maxim'’s heart.
Contributors: S. Donaldson A. Goncharov D. Kaledin M. Kapranov A. Kapustin L. Katzarkov A. Noll P.
Pandit S. Pimenov J. Ren P. Seidel C. Simpson Y. Soibelman R. Thorngren

derived algebraic geometry: Categories for the Working Mathematician Saunders Mac
Lane, 2013-04-17 An array of general ideas useful in a wide variety of fields. Starting from the
foundations, this book illuminates the concepts of category, functor, natural transformation, and
duality. It then turns to adjoint functors, which provide a description of universal constructions, an
analysis of the representations of functors by sets of morphisms, and a means of manipulating direct
and inverse limits. These categorical concepts are extensively illustrated in the remaining chapters,
which include many applications of the basic existence theorem for adjoint functors. The categories
of algebraic systems are constructed from certain adjoint-like data and characterised by Beck's
theorem. After considering a variety of applications, the book continues with the construction and
exploitation of Kan extensions. This second edition includes a number of revisions and additions,
including new chapters on topics of active interest: symmetric monoidal categories and braided
monoidal categories, and the coherence theorems for them, as well as 2-categories and the higher
dimensional categories which have recently come into prominence.

derived algebraic geometry: Algebra: Chapter 0 Paolo Aluffi, 2021-11-09 Algebra: Chapter 0
is a self-contained introduction to the main topics of algebra, suitable for a first sequence on the
subject at the beginning graduate or upper undergraduate level. The primary distinguishing feature
of the book, compared to standard textbooks in algebra, is the early introduction of categories, used
as a unifying theme in the presentation of the main topics. A second feature consists of an emphasis
on homological algebra: basic notions on complexes are presented as soon as modules have been
introduced, and an extensive last chapter on homological algebra can form the basis for a follow-up
introductory course on the subject. Approximately 1,000 exercises both provide adequate practice to
consolidate the understanding of the main body of the text and offer the opportunity to explore many
other topics, including applications to number theory and algebraic geometry. This will allow
instructors to adapt the textbook to their specific choice of topics and provide the independent
reader with a richer exposure to algebra. Many exercises include substantial hints, and navigation of
the topics is facilitated by an extensive index and by hundreds of cross-references.

derived algebraic geometry: Algebraic Geometry I: Schemes Ulrich Gortz, Torsten Wedhorn,
2020-07-27 This book introduces the reader to modern algebraic geometry. It presents
Grothendieck's technically demanding language of schemes that is the basis of the most important
developments in the last fifty years within this area. A systematic treatment and motivation of the
theory is emphasized, using concrete examples to illustrate its usefulness. Several examples from
the realm of Hilbert modular surfaces and of determinantal varieties are used methodically to
discuss the covered techniques. Thus the reader experiences that the further development of the
theory yields an ever better understanding of these fascinating objects. The text is complemented by
many exercises that serve to check the comprehension of the text, treat further examples, or give an
outlook on further results. The volume at hand is an introduction to schemes. To get startet, it
requires only basic knowledge in abstract algebra and topology. Essential facts from commutative




algebra are assembled in an appendix. It will be complemented by a second volume on the
cohomology of schemes.

derived algebraic geometry: Calculus of Fractions and Homotopy Theory Peter Gabriel,
M. Zisman, 2012-12-06 The main purpose of the present work is to present to the reader a
particularly nice category for the study of homotopy, namely the homo topic category (IV). This
category is, in fact, - according to Chapter VII and a well-known theorem of J. H. C. WHITEHEAD -
equivalent to the category of CW-complexes modulo homotopy, i.e. the category whose objects are
spaces of the homotopy type of a CW-complex and whose morphisms are homotopy classes of
continuous mappings between such spaces. It is also equivalent (I, 1.3) to a category of fractions of
the category of topological spaces modulo homotopy, and to the category of Kan complexes modulo
homotopy (IV). In order to define our homotopic category, it appears useful to follow as closely as
possible methods which have proved efficacious in homo logical algebra. Our category is thus the
topological analogue of the derived category of an abelian category (VERDIER). The algebraic
machinery upon which this work is essentially based includes the usual grounding in category theory
- summarized in the Dictionary - and the theory of categories of fractions which forms the subject of
the first chapter of the book. The merely topological machinery reduces to a few properties of Kelley
spaces (Chapters I and III). The starting point of our study is the category ,10 Iff of simplicial sets
(C.S.S. complexes or semi-simplicial sets in a former terminology).

derived algebraic geometry: A Study in Derived Algebraic Geometry Dennis Gaitsgory, Nick
Rozenblyum, 2019-12-31 Derived algebraic geometry is a far-reaching generalization of algebraic
geometry. It has found numerous applications in various parts of mathematics, most prominently in
representation theory. This volume develops the theory of ind-coherent sheaves in the context of
derived algebraic geometry. Ind-coherent sheaves are a “renormalization” of quasi-coherent sheaves
and provide a natural setting for Grothendieck-Serre duality as well as geometric incarnations of
numerous categories of interest in representation theory. This volume consists of three parts and an
appendix. The first part is a survey of homotopical algebra in the setting of $infty$-categories and
the basics of derived algebraic geometry. The second part builds the theory of ind-coherent sheaves
as a functor out of the category of correspondences and studies the relationship between
ind-coherent and quasi-coherent sheaves. The third part sets up the general machinery of the
$mathrm{(}infty, 2mathrm{)}$-category of correspondences needed for the second part. The
category of correspondences, via the theory developed in the third part, provides a general
framework for Grothendieck's six-functor formalism. The appendix provides the necessary
background on $mathrm{(}infty, 2mathrm{)}$-categories needed for the third part.

derived algebraic geometry: Rationality Problems in Algebraic Geometry Arnaud Beauville,
Brendan Hassett, Alexander Kuznetsov, Alessandro Verra, 2016-12-06 Providing an overview of the
state of the art on rationality questions in algebraic geometry, this volume gives an update on the
most recent developments. It offers a comprehensive introduction to this fascinating topic, and will
certainly become an essential reference for anybody working in the field. Rationality problems are of
fundamental importance both in algebra and algebraic geometry. Historically, rationality problems
motivated significant developments in the theory of abelian integrals, Riemann surfaces and the
Abel-Jacobi map, among other areas, and they have strong links with modern notions such as moduli
spaces, Hodge theory, algebraic cycles and derived categories. This text is aimed at researchers and
graduate students in algebraic geometry.

derived algebraic geometry: Methods of Homological Algebra Sergei I. Gelfand, Yuri ].
Manin, 2013-04-17 Homological algebra first arose as a language for describing topological
prospects of geometrical objects. As with every successful language it quickly expanded its coverage
and semantics, and its contemporary applications are many and diverse. This modern approach to
homological algebra, by two leading writers in the field, is based on the systematic use of the
language and ideas of derived categories and derived functors. Relations with standard cohomology
theory (sheaf cohomology, spectral sequences, etc.) are described. In most cases complete proofs
are given. Basic concepts and results of homotopical algebra are also presented. The book addresses



people who want to learn about a modern approach to homological algebra and to use it in their
work.

derived algebraic geometry: A First Course in Computational Algebraic Geometry
Wolfram Decker, Gerhard Pfister, 2013-02-07 A quick guide to computing in algebraic geometry with
many explicit computational examples introducing the computer algebra system Singular.

derived algebraic geometry: Introduction to Algebraic Geometry Steven Dale Cutkosky,
2018-06-01 This book presents a readable and accessible introductory course in algebraic geometry,
with most of the fundamental classical results presented with complete proofs. An emphasis is
placed on developing connections between geometric and algebraic aspects of the theory.
Differences between the theory in characteristic and positive characteristic are emphasized. The
basic tools of classical and modern algebraic geometry are introduced, including varieties, schemes,
singularities, sheaves, sheaf cohomology, and intersection theory. Basic classical results on curves
and surfaces are proved. More advanced topics such as ramification theory, Zariski's main theorem,
and Bertini's theorems for general linear systems are presented, with proofs, in the final chapters.
With more than 200 exercises, the book is an excellent resource for teaching and learning
introductory algebraic geometry.

derived algebraic geometry: Differential Forms in Algebraic Topology Raoul Bott, Loring W.
Tu, 2013-04-17 Developed from a first-year graduate course in algebraic topology, this text is an
informal introduction to some of the main ideas of contemporary homotopy and cohomology theory.
The materials are structured around four core areas: de Rham theory, the Cech-de Rham complex,
spectral sequences, and characteristic classes. By using the de Rham theory of differential forms as
a prototype of cohomology, the machineries of algebraic topology are made easier to assimilate.
With its stress on concreteness, motivation, and readability, this book is equally suitable for
self-study and as a one-semester course in topology.

derived algebraic geometry: Polytopes, Rings, and K-Theory Winfried Bruns, Joseph
Gubeladze, 2009-06-12 This book examines interactions of polyhedral discrete geometry and
algebra. What makes this book unique is the presentation of several central results in all three areas
of the exposition - from discrete geometry, to commutative algebra, and K-theory.

derived algebraic geometry: Algebra, Arithmetic, and Geometry Yuri Tschinkel, Yuri Zarhin,
2010-08-05 EMAlgebra, Arithmetic, and Geometry: In Honor of Yu. [. ManinEM consists of invited
expository and research articles on new developments arising from Manin’s outstanding
contributions to mathematics.

derived algebraic geometry: Ulrich Bundles Laura Costa, Rosa Maria Mir6-Roig, Joan
Pons-Llopis, 2021-05-10 The series is devoted to the publication of monographs and high-level
textbooks in mathematics, mathematical methods and their applications. Apart from covering
important areas of current interest, a major aim is to make topics of an interdisciplinary nature
accessible to the non-specialist. The works in this series are addressed to advanced students and
researchers in mathematics and theoretical physics. In addition, it can serve as a guide for lectures
and seminars on a graduate level. The series de Gruyter Studies in Mathematics was founded ca. 35
years ago by the late Professor Heinz Bauer and Professor Peter Gabriel with the aim to establish a
series of monographs and textbooks of high standard, written by scholars with an international
reputation presenting current fields of research in pure and applied mathematics. While the editorial
board of the Studies has changed with the years, the aspirations of the Studies are unchanged. In
times of rapid growth of mathematical knowledge carefully written monographs and textbooks
written by experts are needed more than ever, not least to pave the way for the next generation of
mathematicians. In this sense the editorial board and the publisher of the Studies are devoted to
continue the Studies as a service to the mathematical community. Please submit any book proposals
to Niels Jacob.

derived algebraic geometry: Strings and Geometry Clay Mathematics Institute. Summer
School, Isaac Newton Institute for Mathematical Sciences, 2004 Contains selection of expository and
research article by lecturers at the school. Highlights current interests of researchers working at the



interface between string theory and algebraic supergravity, supersymmetry, D-branes, the McKay
correspondence andFourer-Mukai transform.
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