noncommutative algebra

Delving into the Intriguing World of
Noncommutative Algebra

Introduction:

Stepping away from the familiar rules of everyday arithmetic, we enter the
fascinating realm of noncommutative algebra. Unlike the commutative algebra
you likely encountered in school, where the order of multiplication doesn't
matter (2 x 3 = 3 x 2), noncommutative algebra explores mathematical
structures where the order does significantly impact the result. This
seemingly subtle difference unlocks a universe of complex and powerful
mathematical tools with profound implications across various scientific
fields. This comprehensive guide will unravel the core concepts of
noncommutative algebra, exploring its foundational elements, key
applications, and its crucial role in advanced mathematics and physics. We'll
delve into the definitions, examples, and implications, leaving you with a
solid understanding of this vital branch of abstract algebra.

1. Understanding Commutativity and its Absence:

The cornerstone of noncommutative algebra lies in the violation of the
commutative property of multiplication. In commutative algebra, for any two
elements 'a' and 'b', a x b =b x a. This is intuitively obvious with
numbers. However, many mathematical structures, particularly those dealing
with matrices, operators, and quaternions, defy this rule. Consider matrix
multiplication: the product of two matrices A and B is generally not equal to
the product B x A. This non-commutativity is a fundamental characteristic
that shapes the entire landscape of noncommutative algebra.

1. Rings: The Foundation of Noncommutative Algebra:

Noncommutative algebra is largely built upon the concept of a "ring." A ring
is a set equipped with two binary operations, typically denoted as addition
(+) and multiplication (x), satisfying specific axioms. These axioms include
associativity for both operations, the existence of additive identities and
inverses, and the distributive law connecting addition and multiplication.
However, unlike in a commutative ring, the multiplication operation in a



noncommutative ring does not necessarily satisfy the commutative property.
Familiar examples include the ring of all n x n matrices with real entries,
where matrix multiplication is noncommutative.

1. Exploring Key Concepts: Ideals, Modules, and Representations:

Several crucial concepts underpin the study of noncommutative rings. Ideals
are subsets of a ring that behave nicely under both addition and
multiplication with ring elements. They play a vital role in understanding
the structure of rings, analogous to the role of subgroups in group theory.
Modules are generalizations of vector spaces where the scalars come from a
ring rather than a field. They provide a powerful framework for studying
noncommutative rings. Representations of rings are homomorphisms from a ring
to a ring of endomorphisms of a vector space. This allows us to study
abstract noncommutative rings through their actions on more concrete vector
spaces.

1. Applications in Physics and Beyond:

The significance of noncommutative algebra extends far beyond theoretical
mathematics. It finds critical applications in various branches of physics,
especially quantum mechanics. The operators representing physical observables
(like position and momentum) often do not commute, reflecting the inherent
uncertainty principle. Noncommutative geometry, a relatively modern field,
uses noncommutative algebra to study spaces that are not easily described
using traditional geometric methods. It has found applications in string
theory and quantum field theory. Further applications can be found in areas
like coding theory and cryptography, where noncommutative structures provide
avenues for developing robust and secure systems.

1. Advanced Topics: Noncommutative Grobner Bases and Hopf Algebras:

The field of noncommutative algebra encompasses several advanced topics that
push the boundaries of mathematical understanding. Noncommutative Grobner
bases, a generalization of Grobner bases from commutative algebra, provide
powerful computational tools for working with noncommutative polynomial
rings. Hopf algebras, algebraic structures combining ring and coalgebra
structures, play a vital role in various areas of mathematics and physics,
particularly in quantum groups and knot theory.



Example Textbook Outline: "An Introduction to Noncommutative Algebra”

Introduction: Defining noncommutative algebra, its significance, and a brief
history.

Chapter 1: Rings and Ideals: Defining rings (commutative and noncommutative),
ideals, prime ideals, maximal ideals.

Chapter 2: Modules and Representations: Defining modules, modules over
noncommutative rings, representations of rings.

Chapter 3: Division Rings and Skew Fields: Exploring division rings, examples
like quaternions, and their properties.

Chapter 4: Noncommutative Polynomial Rings: Exploring the complexities of
polynomial rings where multiplication is noncommutative.

Chapter 5: Applications in Physics: A focused chapter on the role of
noncommutative algebra in quantum mechanics and quantum field theory.

Chapter 6: Advanced Topics (Optional): A brief introduction to advanced
concepts like Hopf algebras and noncommutative Grdbner bases.

Conclusion: Summarizing key concepts and outlining future directions in
noncommutative algebra research.

Detailed Explanation of the Textbook Outline Points:

Each chapter of the hypothetical textbook would delve deeply into the
specified topic. For instance, Chapter 1 would rigorously define rings,
introduce different types of rings (e.g., integral domains), and explore the
properties of ideals, establishing their importance in the study of ring
structures. Chapter 2 would build on this foundation by introducing modules,
showing how they generalize vector spaces, and discussing the representation
theory of rings, a powerful tool for analyzing their structure. The
concluding chapter would summarize the core ideas presented, highlighting the
remarkable breadth and depth of noncommutative algebra, and potentially
suggest open questions and areas of ongoing research.

9 Unique FAQs on Noncommutative Algebra:

1. What is the primary difference between commutative and noncommutative
algebra? The core difference lies in the commutative property of
multiplication. In commutative algebra, a x b = b x a for all elements;
in noncommutative algebra, this is not necessarily true.

1. Why is noncommutative algebra important? It provides the mathematical
framework for describing numerous physical phenomena, particularly in
quantum mechanics, and has applications in various fields like computer
science and cryptography.



. What are some real-world applications of noncommutative algebra? Its
applications include quantum field theory, quantum computing, coding
theory, and the study of non-Euclidean geometries.

. What are rings in the context of noncommutative algebra? Rings are
fundamental algebraic structures with two operations (addition and
multiplication) that satisfy certain axioms, but multiplication isn't
necessarily commutative.

. What are ideals, and why are they important in noncommutative algebra?
Ideals are special subsets of rings that "absorb" multiplication from
the ring, providing crucial information about the ring's structure.

. How does noncommutative algebra relate to quantum mechanics? The
operators representing physical observables in quantum mechanics often
don't commute, leading to the Heisenberg uncertainty principle, making
noncommutative algebra essential for the mathematical formulation of
qgquantum mechanics.

. What is noncommutative geometry? Noncommutative geometry uses
noncommutative algebra to study spaces that cannot be easily described
using traditional geometric methods, finding use in string theory.

. Are there any computational tools for working with noncommutative
algebra? Yes, tools like noncommutative Grdébner bases provide
computational methods for tackling problems in noncommutative polynomial
rings.

. What are some open problems or research areas in noncommutative algebra?
Active research areas include understanding the representation theory of
noncommutative rings, developing new computational techniques, and
applying noncommutative algebra to new areas of physics and computer
science.



9 Related Articles (with brief descriptions):

1. Introduction to Ring Theory: A foundational article covering the basic
definitions and properties of rings, including examples and key
theorems.

1. Module Theory: A Beginner's Guide: An introductory article explaining
modules, their properties, and their significance in algebra.

1. Understanding Ideals in Ring Theory: A detailed exploration of ideals,
their types, and their roles in characterizing ring structures.

1. Representations of Finite Groups: A discussion on how group theory
connects with noncommutative algebra through group representations.

1. Noncommutative Grobner Bases: Algorithms and Applications: A more
advanced article discussing computational techniques for noncommutative
polynomial rings.

1. Hopf Algebras and Quantum Groups: An exploration of Hopf algebras and
their applications in quantum group theory.

1. Noncommutative Geometry and its Applications in Physics: An article
discussing the fundamental principles of noncommutative geometry and its
applications in physics, especially string theory.

1. The Heisenberg Uncertainty Principle and Noncommutative Algebra: A
detailed explanation of how noncommutativity in quantum mechanics is
linked to the uncertainty principle.



1. Noncommutative Algebra in Cryptography: An article illustrating the use
of noncommutative algebraic structures in developing secure
cryptographic systems.

noncommutative algebra: Introduction to Noncommutative Algebra Matej Bresar,

2014-10-14 Providing an elementary introduction to noncommutative rings and algebras, this
textbook begins with the classical theory of finite dimensional algebras. Only after this, modules,
vector spaces over division rings, and tensor products are introduced and studied. This is followed
by Jacobson's structure theory of rings. The final chapters treat free algebras, polynomial identities,
and rings of quotients. Many of the results are not presented in their full generality. Rather, the
emphasis is on clarity of exposition and simplicity of the proofs, with several being different from
those in other texts on the subject. Prerequisites are kept to a minimum, and new concepts are
introduced gradually and are carefully motivated. Introduction to Noncommutative Algebra is
therefore accessible to a wide mathematical audience. It is, however, primarily intended for
beginning graduate and advanced undergraduate students encountering noncommutative algebra
for the first time.

noncommutative algebra: Noncommutative Algebra Benson Farb, R. Keith Dennis,
2012-12-06 About This Book This book is meant to be used by beginning graduate students. It covers
basic material needed by any student of algebra, and is essential to those specializing in ring theory,
homological algebra, representation theory and K-theory, among others. It will also be of interest to
students of algebraic topology, functional analysis, differential geometry and number theory. Our
approach is more homological than ring-theoretic, as this leads the to many important areas of
mathematics. This ap student more quickly proach is also, we believe, cleaner and easier to
understand. However, the more classical, ring-theoretic approach, as well as modern extensions, are
also presented via several exercises and sections in Chapter Five. We have tried not to leave any
gaps on the paths to proving the main theorem- at most we ask the reader to fill in details for some
of the sideline results; indeed this can be a fruitful way of solidifying one's understanding.

noncommutative algebra: Graduate Algebra Louis Halle Rowen, 2008 This book is an
expanded text for a graduate course in commutative algebra, focusing on the algebraic
underpinnings of algebraic geometry and of number theory. Accordingly, the theory of affine
algebras is featured, treated both directly and via the theory of Noetherian and Artinian modules,
and the theory of graded algebras is included to provide the foundation for projective varieties.
--Book Jacket.

noncommutative algebra: Graduate Algebra Louis Halle Rowen, 2006 This book is an
expanded text for a graduate course in commutative algebra, focusing on the algebraic
underpinnings of algebraic geometry and of number theory. Accordingly, the theory of affine
algebras is featured, treated both directly and via the theory of Noetherian and Artinian modules,
and the theory of graded algebras is included to provide the foundation for projective varieties.
Major topics include the theory of modules over a principal ideal domain, and its applicationsto
matrix theory (including the Jordan decomposition), the Galois theory of field extensions,
transcendence degree, the prime spectrum of an algebra, localization, and the classical theory of
Noetherian and Artinian rings. Later chapters include some algebraic theory of elliptic curves
(featuring theMordell-Weil theorem) and valuation theory, including local fields. One feature of the
book is an extension of the text through a series of appendices. This permits the inclusion of more
advanced material, such as transcendental field extensions, the discriminant and resultant, the
theory of Dedekind domains, and basic theorems of rings of algebraic integers. An extended
appendix on derivations includes the Jacobian conjecture and Makar-Limanov's theory of locally



nilpotent derivations. Grobnerbases can be found in another appendix. Exercises provide a further
extension of the text. The book can be used both as a textbook and as a reference source.

noncommutative algebra: A First Course in Noncommutative Rings Tsit-Yuen Lam, 2013-01-06
Aimed at the novice rather than the connoisseur and stressing the role of examples and motivation,
this text is suitable not only for use in a graduate course, but also for self-study in the subject by
interested graduate students. More than 400 exercises testing the understanding of the general
theory in the text are included in this new edition.

noncommutative algebra: Noncommutative Algebra and Geometry Corrado De Concini,
Freddy Van Oystaeyen, Nikolai Vavilov, Anatoly Yakovlev, 2005-09-01 A valuable addition to the
Lecture Notes in Pure and Applied Mathematics series, this reference results from a conference held
in St. Petersburg, Russia, in honor of Dr. Z. Borevich. This volume is mainly devoted to the
contributions related to the European Science Foundation workshop, organized under the
framework of noncommuntative geometry and i

noncommutative algebra: Algebra II A.I. Kostrikin, I.R. Shafarevich, 2012-12-06 The algebra
of square matrices of size n ~ 2 over the field of complex numbers is, evidently, the best-known
example of a non-commutative alge 1 bra ¢ Subalgebras and subrings of this algebra (for example,
the ring of n x n matrices with integral entries) arise naturally in many areas of mathemat ics.
Historically however, the study of matrix algebras was preceded by the discovery of quatemions
which, introduced in 1843 by Hamilton, found ap plications in the classical mechanics of the past
century. Later it turned out that quaternion analysis had important applications in field theory. The
al gebra of quaternions has become one of the classical mathematical objects; it is used, for
instance, in algebra, geometry and topology. We will briefly focus on other examples of
non-commutative rings and algebras which arise naturally in mathematics and in mathematical
physics. The exterior algebra (or Grassmann algebra) is widely used in differential geometry - for
example, in geometric theory of integration. Clifford algebras, which include exterior algebras as a
special case, have applications in rep resentation theory and in algebraic topology. The Weyl algebra
(Le. algebra of differential operators with- polynomial coefficients) often appears in the
representation theory of Lie algebras. In recent years modules over the Weyl algebra and sheaves of
such modules became the foundation of the so-called microlocal analysis. The theory of operator
algebras (Le.

noncommutative algebra: Noncommutative Algebraic Geometry and Representations of
Quantized Algebras A. Rosenberg, 2013-03-09 This book is based on lectures delivered at Harvard in
the Spring of 1991 and at the University of Utah during the academic year 1992-93. Formally, the
book assumes only general algebraic knowledge (rings, modules, groups, Lie algebras, functors
etc.). It is helpful, however, to know some basics of algebraic geometry and representation theory.
Each chapter begins with its own introduction, and most sections even have a short overview. The
purpose of what follows is to explain the spirit of the book and how different parts are linked
together without entering into details. The point of departure is the notion of the left spectrum of an
associative ring, and the first natural steps of general theory of noncommutative affine, quasi-affine,
and projective schemes. This material is presented in Chapter I. Further developments originated
from the requirements of several important examples I tried to understand, to begin with the first
Weyl algebra and the quantum plane. The book reflects these developments as I worked them out in
reallife and in my lectures. In Chapter 11, we study the left spectrum and irreducible
representations of a whole lot of rings which are of interest for modern mathematical physics. The
dasses of rings we consider indude as special cases: quantum plane, algebra of g-differential
operators, (quantum) Heisenberg and Weyl algebras, (quantum) enveloping algebra ofthe Lie
algebra sl(2) , coordinate algebra of the quantum group SL(2), the twisted SL(2) of Woronowicz, so
called dispin algebra and many others.

noncommutative algebra: Non-commutative Algebraic Geometry F.M.]. van Oystaeyen,
A.H.M J. Verschoren, 2006-11-14

noncommutative algebra: Noncommutative Geometry Alain Connes, Joachim Cuntz, Erik G.



Guentner, Nigel Higson, Jerome Kaminker, John E. Roberts, 2003-12-15 Noncommutative Geometry
is one of the most deep and vital research subjects of present-day Mathematics. Its development,
mainly due to Alain Connes, is providing an increasing number of applications and deeper insights
for instance in Foliations, K-Theory, Index Theory, Number Theory but also in Quantum Physics of
elementary particles. The purpose of the Summer School in Martina Franca was to offer a fresh
invitation to the subject and closely related topics; the contributions in this volume include the four
main lectures, cover advanced developments and are delivered by prominent specialists.

noncommutative algebra: Topics in Noncommutative Algebra Andrea Bonfiglioli, Roberta
Fulci, 2011-10-12 Motivated by the importance of the Campbell, Baker, Hausdorff, Dynkin Theorem
in many different branches of Mathematics and Physics (Lie group-Lie algebra theory, linear PDEs,
Quantum and Statistical Mechanics, Numerical Analysis, Theoretical Physics, Control Theory,
sub-Riemannian Geometry), this monograph is intended to: fully enable readers (graduates or
specialists, mathematicians, physicists or applied scientists, acquainted with Algebra or not) to
understand and apply the statements and numerous corollaries of the main result, provide a wide
spectrum of proofs from the modern literature, comparing different techniques and furnishing a
unifying point of view and notation, provide a thorough historical background of the results,
together with unknown facts about the effective early contributions by Schur, Poincaré, Pascal,
Campbell, Baker, Hausdorff and Dynkin, give an outlook on the applications, especially in
Differential Geometry (Lie group theory) and Analysis (PDEs of subelliptic type) and quickly enable
the reader, through a description of the state-of-art and open problems, to understand the modern
literature concerning a theorem which, though having its roots in the beginning of the 20th century,
has not ceased to provide new problems and applications. The book assumes some
undergraduate-level knowledge of algebra and analysis, but apart from that is self-contained. Part II
of the monograph is devoted to the proofs of the algebraic background. The monograph may
therefore provide a tool for beginners in Algebra.

noncommutative algebra: Commutative Algebra and Noncommutative Algebraic Geometry
David Eisenbud, Srikanth B. Iyengar, Anurag K. Singh, J. Toby Stafford, Michel Van den Bergh,
2015-11-19 This book surveys fundamental current topics in these two areas of research,
emphasising the lively interaction between them. Volume 1 contains expository papers ideal for
those entering the field.

noncommutative algebra: Basic Abstract Algebra P. B. Bhattacharya, S. K. Jain, S. R.
Nagpaul, 1994-11-25 This book provides a complete abstract algebra course, enabling instructors to
select the topics for use in individual classes.

noncommutative algebra: Noncommutative Algebraic Geometry Gwyn Bellamy, Daniel
Rogalski, Travis Schedler, J. Toby Stafford, Michael Wemyss, 2016-06-20 This book provides a
comprehensive introduction to the interactions between noncommutative algebra and classical
algebraic geometry.

noncommutative algebra: Noncommutative Rings I. N. Herstein, 1994-12-31 Noncommutative
Rings provides a cross-section of ideas, techniques, and results that give the reader an idea of that
part of algebra which concerns itself with noncommutative rings. In the space of 200 pages,
Herstein covers the Jacobson radical, semisimple rings, commutativity theorems, simple algebras,
representations of finite groups, polynomial identities, Goldie's theorem, and the Golod-Shafarevitch
theorem. Almost every practicing ring theorist has studied portions of this classic monograph.

noncommutative algebra: An Introduction to Noncommutative Noetherian Rings K. R.
Goodearl, Robert B. Warfield, 2004-07-12 This introduction to noncommutative noetherian rings is
intended to be accessible to anyone with a basic background in abstract algebra. It can be used as a
second-year graduate text, or as a self-contained reference. Extensive explanatory discussion is
given, and exercises are integrated throughout. This edition incorporates substantial revisions,
particularly in the first third of the book, where the presentation has been changed to increase
accessibility and topicality. New material includes the basic types of quantum groups, which then
serve as test cases for the theory developed.



noncommutative algebra: Algorithmic Methods in Non-Commutative Algebra J.L.. Bueso, José
Gomez-Torrecillas, A. Verschoren, 2013-03-09 The already broad range of applications of ring theory
has been enhanced in the eighties by the increasing interest in algebraic structures of considerable
complexity, the so-called class of quantum groups. One of the fundamental properties of quantum
groups is that they are modelled by associative coordinate rings possessing a canonical basis, which
allows for the use of algorithmic structures based on Groebner bases to study them. This book
develops these methods in a self-contained way, concentrating on an in-depth study of the notion of
a vast class of non-commutative rings (encompassing most quantum groups), the so-called
Poincaré-Birkhoff-Witt rings. We include algorithms which treat essential aspects like ideals and
(bi)modules, the calculation of homological dimension and of the Gelfand-Kirillov dimension, the
Hilbert-Samuel polynomial, primality tests for prime ideals, etc.

noncommutative algebra: Noncommutative Geometry and Number Theory Caterina
Consani, Matilde Marcolli, 2007-12-18 In recent years, number theory and arithmetic geometry have
been enriched by new techniques from noncommutative geometry, operator algebras, dynamical
systems, and K-Theory. This volume collects and presents up-to-date research topics in arithmetic
and noncommutative geometry and ideas from physics that point to possible new connections
between the fields of number theory, algebraic geometry and noncommutative geometry. The
articles collected in this volume present new noncommutative geometry perspectives on classical
topics of number theory and arithmetic such as modular forms, class field theory, the theory of
reductive p-adic groups, Shimura varieties, the local L-factors of arithmetic varieties. They also show
how arithmetic appears naturally in noncommutative geometry and in physics, in the residues of
Feynman graphs, in the properties of noncommutative tori, and in the quantum Hall effect.

noncommutative algebra: Geometric Models for Noncommutative Algebras Ana Cannas
da Silva, Alan Weinstein, 1999 The volume is based on a course, =~ Geometric Models for
Noncommutative Algebras" taught by Professor Weinstein at Berkeley. Noncommutative geometry is
the study of noncommutative algebras as if they were algebras of functions on spaces, for example,
the commutative algebras associated to affine algebraic varieties, differentiable manifolds,
topological spaces, and measure spaces. In this work, the authors discuss several types of geometric
objects (in the usual sense of sets with structure) that are closely related to noncommutative
algebras. Central to the discussion are symplectic and Poisson manifolds, which arise when
noncommutative algebras are obtained by deforming commutative algebras. The authors also give a
detailed study of groupoids (whose role in noncommutative geometry has been stressed by Connes)
as well as of Lie algebroids, the infinitesimal approximations to differentiable groupoids. Featured
are many interesting examples, applications, and exercises. The book starts with basic definitions
and builds to (still) open questions. It is suitable for use as a graduate text. An extensive
bibliography and index are included.

noncommutative algebra: Arithmetic Fundamental Groups and Noncommutative Algebra
Michael D. Fried, Yasutaka Thara, 2002 The arithmetic and geometry of moduli spaces and their
fundamental groups are a very active research area. This book offers a complete overview of
developments made over the last decade. The papers in this volume examine the geometry of moduli
spaces of curves with a function on them. The main players in Part 1 are the absolute Galois group
$G {\mathbb Q $ of the algebraic numbers and its close relatives. By analyzing how $G {\mathbb Q
$ acts on fundamental groups defined by Hurwitz moduli problems, the authors achieve a grand
generalization of Serre's program from the 1960s. Papers in Part 2 apply $\theta$-functions and
configuration spaces to the study of fundamental groups over positive characteristic fields. In this
section, several authors use Grothendieck's famous lifting results to give extensions to wildly
ramified covers. Properties of the fundamental groups have brought collaborations between
geometers and group theorists. Several Part 3 papers investigate new versions of the genus 0
problem. In particular, this includes results severely limiting possible monodromy groups of sphere
covers. Finally, Part 4 papers treat Deligne's theory of Tannakian categories and arithmetic versions
of the Kodaira-Spencer map. This volume is geared toward graduate students and research



mathematicians interested in arithmetic algebraic geometry.

noncommutative algebra: Noncommutative Localization in Algebra and Topology
Andrew Ranicki, 2006-02-09 Noncommutative localization is a powerful algebraic technique for
constructing new rings by inverting elements, matrices and more generally morphisms of modules.
Originally conceived by algebraists (notably P. M. Cohn), it is now an important tool not only in pure
algebra but also in the topology of non-simply-connected spaces, algebraic geometry and
noncommutative geometry. This volume consists of 9 articles on noncommutative localization in
algebra and topology by J. A. Beachy, P. M. Cohn, W. G. Dwyer, P. A. Linnell, A. Neeman, A. A.
Ranicki, H. Reich, D. Sheiham and Z. Skoda. The articles include basic definitions, surveys, historical
background and applications, as well as presenting new results. The book is an introduction to the
subject, an account of the state of the art, and also provides many references for further material. It
is suitable for graduate students and more advanced researchers in both algebra and topology.

noncommutative algebra: Commutative Algebra and Noncommutative Algebraic Geometry
David Eisenbud, Srikanth B. Iyengar, Anurag K. Singh, J. Toby Stafford, Michel Van den Bergh,
2015-11-19 This book surveys fundamental current topics in these two areas of research,
emphasising the lively interaction between them. Volume 2 focuses on the most recent research.

noncommutative algebra: Algebras, Rings and Modules Michiel Hazewinkel, Nadiya M.
Gubareni, 2016-04-05 The theory of algebras, rings, and modules is one of the fundamental domains
of modern mathematics. General algebra, more specifically non-commutative algebra, is poised for
major advances in the twenty-first century (together with and in interaction with combinatorics), just
as topology, analysis, and probability experienced in the twentieth centu

noncommutative algebra: Noncommutative Noetherian Rings John C. McConnell, James
Christopher Robson, Lance W. Small, 2001 This is a reprinted edition of a work that was considered
the definitive account in the subject area upon its initial publication by J. Wiley & Sons in 1987. It
presents, within a wider context, a comprehensive account of noncommutative Noetherian rings. The
author covers the major developments from the 1950s, stemming from Goldie's theorem and
onward, including applications to group rings, enveloping algebras of Lie algebras, PI rings,
differential operators, and localization theory. The book is not restricted to Noetherian rings, but
discusses wider classes of rings where the methods apply more generally. In the current edition,
some errors were corrected, a number of arguments have been expanded, and the references were
brought up to date. This reprinted edition will continue to be a valuable and stimulating work for
readers interested in ring theory and its applications to other areas of mathematics.

noncommutative algebra: Noncommutative Polynomial Algebras of Solvable Type and
Their Modules Huishi Li, 2021-11-08 Noncommutative Polynomial Algebras of Solvable Type and
Their Modules is the first book to systematically introduce the basic constructive-computational
theory and methods developed for investigating solvable polynomial algebras and their modules. In
doing so, this book covers: A constructive introduction to solvable polynomial algebras and Grobner
basis theory for left ideals of solvable polynomial algebras and submodules of free modules The new
filtered-graded techniques combined with the determination of the existence of graded monomial
orderings The elimination theory and methods (for left ideals and submodules of free modules)
combining the Grobner basis techniques with the use of Gelfand-Kirillov dimension, and the
construction of different kinds of elimination orderings The computational construction of finite free
resolutions (including computation of syzygies, construction of different kinds of finite minimal free
resolutions based on computation of different kinds of minimal generating sets), etc. This book is
perfectly suited to researchers and postgraduates researching noncommutative computational
algebra and would also be an ideal resource for teaching an advanced lecture course.

noncommutative algebra: Noncommutative Geometry Igor V. Nikolaev, 2017-11-07 This book
covers the basics of noncommutative geometry (NCG) and its applications in topology, algebraic
geometry, and number theory. The author takes up the practical side of NCG and its value for other
areas of mathematics. A brief survey of the main parts of NCG with historical remarks, bibliography,
and a list of exercises is included. The presentation is intended for graduate students and



researchers with interests in NCG, but will also serve nonexperts in the field. Contents Part I: Basics
Model examples Categories and functors Cx-algebras Part II: Noncommutative invariants Topology
Algebraic geometry Number theory Part I1I: Brief survey of NCG Finite geometries Continuous
geometries Connes geometries Index theory Jones polynomials Quantum groups Noncommutative
algebraic geometry Trends in noncommutative geometry

noncommutative algebra: Topics in Non-Commutative Geometry Y. Manin, 2014-07-14
There is a well-known correspondence between the objects of algebra and geometry: a space gives
rise to a function algebra; a vector bundle over the space corresponds to a projective module over
this algebra; cohomology can be read off the de Rham complex; and so on. In this book Yuri Manin
addresses a variety of instances in which the application of commutative algebra cannot be used to
describe geometric objects, emphasizing the recent upsurge of activity in studying noncommutative
rings as if they were function rings on noncommutative spaces. Manin begins by summarizing and
giving examples of some of the ideas that led to the new concepts of noncommutative geometry,
such as Connes' noncommutative de Rham complex, supergeometry, and quantum groups. He then
discusses supersymmetric algebraic curves that arose in connection with superstring theory;
examines superhomogeneous spaces, their Schubert cells, and superanalogues of Weyl groups; and
provides an introduction to quantum groups. This book is intended for mathematicians and
physicists with some background in Lie groups and complex geometry. Originally published in 1991.
The Princeton Legacy Library uses the latest print-on-demand technology to again make available
previously out-of-print books from the distinguished backlist of Princeton University Press. These
editions preserve the original texts of these important books while presenting them in durable
paperback and hardcover editions. The goal of the Princeton Legacy Library is to vastly increase
access to the rich scholarly heritage found in the thousands of books published by Princeton
University Press since its founding in 1905.

noncommutative algebra: Noncommutative Dynamics and E-Semigroups William Arveson,
2003-05-12 These days, the term Noncommutative Dynamics has several interpretations. It is used
in this book to refer to a set of phenomena associated with the dynamical evo lution of quantum
systems of the simplest kind that involve rigorous mathematical structures associated with infinitely
many degrees of freedom. The dynamics of such a system is represented by a one-parameter group
of automorphisms of a non commutative algebra of observables, and we focus primarily on the most
concrete case in which that algebra consists of all bounded operators on a Hilbert space. If one
introduces a natural causal structure into such a dynamical system, then a pair of one-parameter
semigroups of endomorphisms emerges, and it is useful to think of this pair as representing the past
and future with respect to the given causality. These are both Eo-semigroups, and to a great extent
the problem of understanding such causal dynamical systems reduces to the problem of under
standing Eo-semigroups. The nature of these connections is discussed at length in Chapter 1. The
rest of the book elaborates on what the author sees as the impor tant aspects of what has been
learned about Eo-semigroups during the past fifteen years. Parts of the subject have evolved into a
satisfactory theory with effective toolsj other parts remain quite mysterious. Like von Neumann
algebras, Eo-semigroups divide naturally into three types: 1,11,111.

noncommutative algebra: Noncommutative Geometry and Cayley-smooth Orders Lieven Le
Bruyn, 2007-08-24 Noncommutative Geometry and Cayley-smooth Orders explains the theory of
Cayley-smooth orders in central simple algebras over function fields of varieties. In particular, the
book describes the etale local structure of such orders as well as their central singularities and finite
dimensional representations. After an introduction to partial d

noncommutative algebra: An Introduction to Noncommutative Differential Geometry and Its
Physical Applications ]J. Madore, 1999-06-24 A thoroughly revised introduction to non-commutative
geometry.

noncommutative algebra: Noncommutative Rational Series with Applications Jean Berstel,
Christophe Reutenauer, 2011 A modern account of the subject and its applications. Excellent
resource for those working in algebra and theoretical computer science.



noncommutative algebra: Quantum Groups and Noncommutative Geometry Yuri I.
Manin, 2018-10-11 This textbook presents the second edition of Manin's celebrated 1988 Montreal
lectures, which influenced a new generation of researchers in algebra to take up the study of Hopf
algebras and quantum groups. In this expanded write-up of those lectures, Manin systematically
develops an approach to quantum groups as symmetry objects in noncommutative geometry in
contrast to the more deformation-oriented approach due to Faddeev, Drinfeld, and others. This new
edition contains an extra chapter by Theo Raedschelders and Michel Van den Bergh, surveying
recent work that focuses on the representation theory of a number of bi- and Hopf algebras that
were first introduced in Manin's lectures, and have since gained a lot of attention. Emphasis is
placed on the Tannaka-Krein formalism, which further strengthens Manin's approach to symmetry
and moduli-objects in noncommutative geometry.

noncommutative algebra: Algebra II A I Kostrikin, I R Shafarevich, E Behr, 1991-08-01

noncommutative algebra: New Trends in Noncommutative Algebra Ara, Pere, 2012 This
volume contains the proceedings of the conference *New Trends in Noncommutative Algebra', held
at the University of Washington, Seattle, in August 2010. The articles will provide researchers and
graduate students with an indispensable overview of topics of current interest. Specific fields
covered include: noncommutative algebraic geometry, representation theory, Calabi-Yau algebras,
quantum algebras and deformation quantization, Poisson algebras, group algebras, and
noncommutative Iwasawa algebras.

noncommutative algebra: Elements of Noncommutative Geometry Jose M. Gracia-Bondia,
Joseph C. Varilly, Hector Figueroa, 2013-11-27

noncommutative algebra: Noncommutative Geometry and Particle Physics Walter D. van
Suijlekom, 2014-07-21 This book provides an introduction to noncommutative geometry and
presents a number of its recent applications to particle physics. It is intended for graduate students
in mathematics/theoretical physics who are new to the field of noncommutative geometry, as well as
for researchers in mathematics/theoretical physics with an interest in the physical applications of
noncommutative geometry. In the first part, we introduce the main concepts and techniques by
studying finite noncommutative spaces, providing a “light” approach to noncommutative geometry.
We then proceed with the general framework by defining and analyzing noncommutative spin
manifolds and deriving some main results on them, such as the local index formula. In the second
part, we show how noncommutative spin manifolds naturally give rise to gauge theories, applying
this principle to specific examples. We subsequently geometrically derive abelian and non-abelian
Yang-Mills gauge theories, and eventually the full Standard Model of particle physics, and conclude
by explaining how noncommutative geometry might indicate how to proceed beyond the Standard
Model.

noncommutative algebra: Noncommutative Deformation Theory Eivind Eriksen, Olav
Arnfinn Laudal, Arvid Sigveland, 2017-09-19 Noncommutative Deformation Theory is aimed at
mathematicians and physicists studying the local structure of moduli spaces in algebraic geometry.
This book introduces a general theory of noncommutative deformations, with applications to the
study of moduli spaces of representations of associative algebras and to quantum theory in physics.
An essential part of this theory is the study of obstructions of liftings of representations using
generalised (matric) Massey products. Suitable for researchers in algebraic geometry and
mathematical physics interested in the workings of noncommutative algebraic geometry, it may also
be useful for advanced graduate students in these fields.

noncommutative algebra: Noncommutative Geometry, Quantum Fields and Motives
Alain Connes, Matilde Marcolli, 2019-03-13 The unifying theme of this book is the interplay among
noncommutative geometry, physics, and number theory. The two main objects of investigation are
spaces where both the noncommutative and the motivic aspects come to play a role: space-time,
where the guiding principle is the problem of developing a quantum theory of gravity, and the space
of primes, where one can regard the Riemann Hypothesis as a long-standing problem motivating the
development of new geometric tools. The book stresses the relevance of noncommutative geometry



in dealing with these two spaces. The first part of the book deals with quantum field theory and the
geometric structure of renormalization as a Riemann-Hilbert correspondence. It also presents a
model of elementary particle physics based on noncommutative geometry. The main result is a
complete derivation of the full Standard Model Lagrangian from a very simple mathematical input.
Other topics covered in the first part of the book are a noncommutative geometry model of
dimensional regularization and its role in anomaly computations, and a brief introduction to motives
and their conjectural relation to quantum field theory. The second part of the book gives an
interpretation of the Weil explicit formula as a trace formula and a spectral realization of the zeros
of the Riemann zeta function. This is based on the noncommutative geometry of the adele class
space, which is also described as the space of commensurability classes of Q-lattices, and is dual to a
noncommutative motive (endomotive) whose cyclic homology provides a general setting for spectral
realizations of zeros of L-functions. The quantum statistical mechanics of the space of Q-lattices, in
one and two dimensions, exhibits spontaneous symmetry breaking. In the low-temperature regime,
the equilibrium states of the corresponding systems are related to points of classical moduli spaces
and the symmetries to the class field theory of the field of rational numbers and of imaginary
quadratic fields, as well as to the automorphisms of the field of modular functions. The book ends
with a set of analogies between the noncommutative geometries underlying the mathematical
formulation of the Standard Model minimally coupled to gravity and the moduli spaces of Q-lattices
used in the study of the zeta function.

noncommutative algebra: Lectures on Rings and Modules Joachim Lambek, 1966

noncommutative algebra: Noncommutative Deformation Theory Eivind Eriksen, Olav
Arnfinn Laudal, Arvid Sigveland, 2017-09-19 Noncommutative Deformation Theory is aimed at
mathematicians and physicists studying the local structure of moduli spaces in algebraic geometry.
This book introduces a general theory of noncommutative deformations, with applications to the
study of moduli spaces of representations of associative algebras and to quantum theory in physics.
An essential part of this theory is the study of obstructions of liftings of representations using
generalised (matric) Massey products. Suitable for researchers in algebraic geometry and
mathematical physics interested in the workings of noncommutative algebraic geometry, it may also
be useful for advanced graduate students in these fields.
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