
algebraic number theory

Delving into the Depths: A Comprehensive Guide to Algebraic
Number Theory

Introduction:

Are you fascinated by the intricate dance between algebra and number theory? Do you yearn to unravel
the mysteries hidden within seemingly simple equations? Then prepare to embark on a journey into the
captivating world of algebraic number theory. This comprehensive guide will serve as your compass,
navigating you through the fundamental concepts, key theorems, and significant applications of this
powerful mathematical field. We'll explore its historical roots, delve into its core principles, and touch upon
some of its most fascinating advancements, all while employing SEO best practices to ensure you can easily
find this essential resource. Prepare to be amazed by the elegance and depth of algebraic number theory.

1. The Genesis of Algebraic Number Theory: A Historical Perspective

Algebraic number theory wasn't born overnight; it's the culmination of centuries of mathematical inquiry.
Its roots lie in ancient Greek attempts to solve Diophantine equations – equations where only integer
solutions are sought. Fermat's Last Theorem, famously proven by Andrew Wiles in 1994, stands as a
testament to the enduring power and complexity of problems within this domain. The quest to understand
the solutions of polynomial equations with integer coefficients led to the development of crucial concepts
like algebraic integers and ideals, concepts that are central to the field. Early breakthroughs by
mathematicians like Gauss, Kummer, and Dedekind laid the groundwork for the modern theory,
highlighting the iterative nature of mathematical discovery. Understanding this historical context provides
crucial insight into the motivations and evolution of the field.

2. Fundamental Concepts: Algebraic Numbers and Fields

At the heart of algebraic number theory lie algebraic numbers. An algebraic number is any complex
number that is a root of a non-zero polynomial with rational coefficients. For example, √2 is an algebraic
number because it's a root of the polynomial x² - 2 = 0. Numbers that are not algebraic are called
transcendental numbers (like π and e). The study often focuses on algebraic number fields, which are finite
extensions of the rational numbers. These extensions are crucial because they allow us to explore the
properties of algebraic numbers within a structured algebraic framework. Understanding the properties of
these fields, such as their degree and their Galois groups, is essential to tackling more complex problems.



3. Ideals: The Key to Understanding Factorization

One of the most significant advancements in algebraic number theory was the introduction of ideals. In the
ring of integers, factorization isn't always unique (unlike in the prime numbers). Consider the number 6: 6
= 2 x 3 = (-2) x (-3). However, ideals provide a way to recover unique factorization. An ideal is a subset of a
ring that's closed under addition and multiplication by ring elements. Dedekind's introduction of ideals
revolutionized the field, allowing mathematicians to extend the concept of prime factorization to rings of
algebraic integers, thus providing a powerful tool for solving complex problems. Understanding the
structure of ideals is fundamental to many advanced theorems and applications.

4. Class Field Theory: A Deep Dive into Extensions

Class field theory tackles the problem of characterizing abelian extensions of number fields. An abelian
extension is one where the Galois group is abelian (commutative). This theory, one of the most profound
achievements of algebraic number theory, provides a powerful framework for understanding the structure
of these extensions. The central theme revolves around the correspondence between abelian extensions of a
number field and certain subgroups of its ideal class group. The intricate relationships explored in this
theory demonstrate the beauty and depth of the field, and it continues to be a vibrant area of research.

5. Applications of Algebraic Number Theory: Beyond the Abstract

While the field may seem abstract, algebraic number theory finds applications in various unexpected areas.
It plays a critical role in cryptography, specifically in designing secure encryption algorithms. The
difficulty of solving certain problems within algebraic number theory forms the basis for the security of
these algorithms. Furthermore, it finds applications in coding theory, helping to design efficient and error-
correcting codes. These applications showcase the practical power of seemingly theoretical mathematical
concepts.

6. The Riemann Hypothesis and its Connection to Algebraic Number
Theory

The Riemann Hypothesis, one of the most famous unsolved problems in mathematics, is deeply connected
to algebraic number theory. It concerns the distribution of the zeros of the Riemann zeta function, a
function that is intimately related to the distribution of prime numbers. The Riemann Hypothesis has
profound implications for understanding the prime number theorem and has far-reaching consequences for
various areas of mathematics, including algebraic number theory. Its resolution would have a significant
impact on our understanding of number theory as a whole.



7. Modern Advancements and Open Problems

Algebraic number theory is a dynamic field with ongoing research and open problems. The development
of new tools and techniques continues to push the boundaries of our understanding. Researchers are
exploring connections with other areas of mathematics, leading to surprising and insightful results. Many
open questions remain, fueling the ongoing interest and research in this fascinating mathematical field.

8. A Suggested Textbook Outline: "Exploring Algebraic Number Theory"

I. Introduction:
What is Algebraic Number Theory?
Historical Context and Motivation
Basic Terminology and Notation

II. Algebraic Numbers and Fields:
Definition and Examples of Algebraic Numbers
Algebraic Number Fields and Extensions
Embeddings and Norms

III. Ring of Integers and Ideals:
Algebraic Integers
Ideals and their Properties
Unique Factorization of Ideals

IV. Class Group and Class Field Theory:
Ideal Class Group
Introduction to Class Field Theory
Applications and Advanced Topics

V. Applications and Further Exploration:
Applications in Cryptography
Connections to other Mathematical Fields
Open Problems and Future Directions

VI. Conclusion:
Summary of Key Concepts
Importance and Significance
Further Reading and Resources

9. Detailed Explanation of Textbook Outline Points



I. Introduction: This section would provide a high-level overview of algebraic number theory, its historical
context, the fundamental concepts that will be covered, and establish a strong foundation for subsequent
chapters.

II. Algebraic Numbers and Fields: Here, the precise definition of algebraic numbers would be presented,
alongside various examples to solidify understanding. The concept of an algebraic number field, as an
extension of the rational numbers, would be carefully explained. Embeddings and norms, essential tools for
studying the properties of algebraic numbers, would be introduced.

III. Ring of Integers and Ideals: This section would delve into the properties of algebraic integers within a
given algebraic number field. The concept of ideals would be meticulously explained, along with their
crucial role in restoring unique factorization in rings where standard factorization fails.

IV. Class Group and Class Field Theory: This chapter would focus on the ideal class group, which measures
the failure of unique factorization. Class field theory, a highly advanced aspect of algebraic number theory,
would be introduced, focusing on the relationships between abelian extensions and the structure of the
ideal class group.

V. Applications and Further Exploration: This section would highlight real-world applications in
cryptography and coding theory. It would also touch upon connections to other mathematical areas and
point to significant open problems for future research.

VI. Conclusion: This section would summarize the major ideas discussed, emphasizing the significance of
algebraic number theory and providing resources for further study.

FAQs:

What is the difference between an algebraic number and a transcendental number? An algebraic1.
number is a root of a polynomial with rational coefficients, while a transcendental number is not.

Why are ideals important in algebraic number theory? Ideals restore unique factorization in rings of1.
integers, which is crucial for many theorems and applications.

What is class field theory? Class field theory characterizes abelian extensions of number fields,1.
linking them to the structure of the ideal class group.



What are some applications of algebraic number theory? Applications include cryptography, coding1.
theory, and the study of Diophantine equations.

What is the Riemann Hypothesis and how does it relate to algebraic number theory? The Riemann1.
Hypothesis is a conjecture about the distribution of prime numbers, closely linked to the zeta function
and having deep implications for algebraic number theory.

Is algebraic number theory still an active area of research? Absolutely, it's a very active field with1.
ongoing research and many open problems.

What mathematical background is necessary to study algebraic number theory? A strong foundation1.
in abstract algebra, number theory, and some complex analysis is beneficial.

Are there any good textbooks on algebraic number theory? Many excellent textbooks exist at1.
varying levels of difficulty; a good starting point could be a search for introductory texts on this topic.

How can I contribute to research in algebraic number theory? By pursuing advanced studies in1.
mathematics, specializing in number theory or related areas, and engaging with the research
community.

Related Articles:

Introduction to Number Theory: A basic overview of fundamental concepts in number theory.1.

Abstract Algebra for Beginners: A gentle introduction to the essential concepts of abstract algebra.2.



Galois Theory Explained: A comprehensive guide to Galois theory and its applications.3.

Diophantine Equations: A Historical Perspective: Exploring the history and challenges of solving4.
Diophantine equations.

The Riemann Hypothesis: A Simple Explanation: A simplified explanation of the Riemann5.
Hypothesis and its importance.

Applications of Number Theory in Cryptography: Focusing specifically on the use of number theory6.
in creating secure encryption.

Algebraic Number Fields and their Extensions: A deeper dive into the properties of algebraic7.
number fields.

Ideal Theory in Commutative Rings: Exploring the general theory of ideals in commutative rings.8.

Class Field Theory: An Overview: A broad overview of class field theory and its key results.9.

  algebraic number theory: Algebraic Number Theory Jürgen Neukirch, 2013-03-14 This
introduction to algebraic number theory discusses the classical concepts from the viewpoint of
Arakelov theory. The treatment of class theory is particularly rich in illustrating complements,
offering hints for further study, and providing concrete examples. It is the most up-to-date,
systematic, and theoretically comprehensive textbook on algebraic number field theory available.
  algebraic number theory: Algebraic Number Theory Edwin Weiss, 1998-01-01 Careful
organization and clear, detailed proofs characterize this methodical, self-contained exposition of
basic results of classical algebraic number theory from a relatively modem point of view. This
volume presents most of the number-theoretic prerequisites for a study of either class field theory
(as formulated by Artin and Tate) or the contemporary treatment of analytical questions (as found,
for example, in Tate's thesis). Although concerned exclusively with algebraic number fields, this
treatment features axiomatic formulations with a considerable range of applications. Modem
abstract techniques constitute the primary focus. Topics include introductory materials on
elementary valuation theory, extension of valuations, local and ordinary arithmetic fields, and global,
quadratic, and cyclotomic fields. Subjects correspond to those usually covered in a one-semester,
graduate level course in algebraic number theory, making this book ideal either for classroom use or
as a stimulating series of exercises for mathematically minded individuals.
  algebraic number theory: Number Theory Helmut Koch, 2000 Algebraic number theory is one
of the most refined creations in mathematics. It has been developed by some of the leading
mathematicians of this and previous centuries. The primary goal of this book is to present the
essential elements of algebraic number theory, including the theory of normal extensions up through
a glimpse of class field theory. Following the example set for us by Kronecker, Weber, Hilbert and
Artin, algebraic functions are handled here on an equal footing with algebraic numbers. This is done
on the one hand to demonstrate the analogy between number fields and function fields, which is
especially clear in the case where the ground field is a finite field. On the other hand, in this way one
obtains an introduction to the theory of 'higher congruences' as an important element of 'arithmetic



geometry'. Early chapters discuss topics in elementary number theory, such as Minkowski's
geometry of numbers, public-key cryptography and a short proof of the Prime Number Theorem,
following Newman and Zagier. Next, some of the tools of algebraic number theory are introduced,
such as ideals, discriminants and valuations. These results are then applied to obtain results about
function fields, including a proof of the Riemann-Roch Theorem and, as an application of cyclotomic
fields, a proof of the first case of Fermat's Last Theorem. There are a detailed exposition of the
theory of Hecke $L$-series, following Tate, and explicit applications to number theory, such as the
Generalized Riemann Hypothesis. Chapter 9 brings together the earlier material through the study
of quadratic number fields. Finally, Chapter 10 gives an introduction to class field theory. The book
attempts as much as possible to give simple proofs. It can be used by a beginner in algebraic
number theory who wishes to see some of the true power and depth of the subject. The book is
suitable for two one-semester courses, with the first four chapters serving to develop the basic
material. Chapters 6 through 9 could be used on their own as a second semester course.
  algebraic number theory: A Brief Guide to Algebraic Number Theory H. P. F.
Swinnerton-Dyer, 2001-02-22 Broad graduate-level account of Algebraic Number Theory, first
published in 2001, including exercises, by a world-renowned author.
  algebraic number theory: A Conversational Introduction to Algebraic Number Theory
Paul Pollack, 2017-08-01 Gauss famously referred to mathematics as the “queen of the sciences” and
to number theory as the “queen of mathematics”. This book is an introduction to algebraic number
theory, meaning the study of arithmetic in finite extensions of the rational number field Q .
Originating in the work of Gauss, the foundations of modern algebraic number theory are due to
Dirichlet, Dedekind, Kronecker, Kummer, and others. This book lays out basic results, including the
three “fundamental theorems”: unique factorization of ideals, finiteness of the class number, and
Dirichlet's unit theorem. While these theorems are by now quite classical, both the text and the
exercises allude frequently to more recent developments. In addition to traversing the main
highways, the book reveals some remarkable vistas by exploring scenic side roads. Several topics
appear that are not present in the usual introductory texts. One example is the inclusion of an
extensive discussion of the theory of elasticity, which provides a precise way of measuring the
failure of unique factorization. The book is based on the author's notes from a course delivered at
the University of Georgia; pains have been taken to preserve the conversational style of the original
lectures.
  algebraic number theory: Algebraic Number Theory Richard A. Mollin, 2011-01-05 Bringing
the material up to date to reflect modern applications, this second edition has been completely
rewritten and reorganized to incorporate a new style, methodology, and presentation. It offers a
more complete and involved treatment of Galois theory, a more comprehensive section on Pollard's
cubic factoring algorithm, and more detailed explanations of proofs to provide a sound
understanding of challenging material. This edition also studies binary quadratic forms and
compares the ideal and form class groups. The text includes convenient cross-referencing, a
comprehensive index, and numerous exercises and applications.
  algebraic number theory: Algebraic Number Theory and Fermat's Last Theorem Ian
Stewart, David Tall, 2001-12-12 First published in 1979 and written by two distinguished
mathematicians with a special gift for exposition, this book is now available in a completely revised
third edition. It reflects the exciting developments in number theory during the past two decades
that culminated in the proof of Fermat's Last Theorem. Intended as a upper level textbook, it
  algebraic number theory: Algebraic Number Theory John Coates, 1989
  algebraic number theory: Problems in Algebraic Number Theory M. Ram Murty, Jody
(Indigo) Esmonde, 2005-09-28 The problems are systematically arranged to reveal the evolution of
concepts and ideas of the subject Includes various levels of problems - some are easy and
straightforward, while others are more challenging All problems are elegantly solved
  algebraic number theory: Algebraic Number Theory H. Koch, Helmut Koch, 1997-09-12
From the reviews of the first printing, published as Volume 62 of the Encyclopaedia of Mathematical



Sciences: ... The author succeeded in an excellent way to describe the various points of view under
which Class Field Theory can be seen. ... In any case the author succeeded to write a very readable
book on these difficult themes. Monatshefte fuer Mathematik, 1994 ... Koch's book is written mostly
for non-specialists. It is an up-to-date account of the subject dealing with mostly general questions.
Special results appear only as illustrating examples for the general features of the theory. It is
supposed that the reader has good general background in the fields of modern (abstract) algebra
and elementary number theory. We recommend this volume mainly to graduate studens and
research mathematicians. Acta Scientiarum Mathematicarum, 1993
  algebraic number theory: Algebraic Number Theory A. Fröhlich, Martin J. Taylor, 1991 This
book originates from graduate courses given in Cambridge and London. It provides a brisk, thorough
treatment of the foundations of algebraic number theory, and builds on that to introduce more
advanced ideas. Throughout, the authors emphasise the systematic development of techniques for
the explicit calculation of the basic invariants, such as rings of integers, class groups, and units.
Moreover they combine, at each stage of development, theory with explicit computations and
applications, and provide motivation in terms of classical number-theoretic problems. A number of
special topics are included that can be treated at this level but can usually only be found in research
monographs or original papers, for instance: module theory of Dedekind domains; tame and wild
ramifications; Gauss series and Gauss periods; binary quadratic forms; and Brauer relations. This is
the only textbook at this level which combines clean, modern algebraic techniques together with a
substantial arithmetic content. It will be indispensable for all practising and would-be algebraic
number theorists.
  algebraic number theory: Lectures on the Theory of Algebraic Numbers E. T. Hecke,
2013-03-09 . . . if one wants to make progress in mathematics one should study the masters not the
pupils. N. H. Abel Heeke was certainly one of the masters, and in fact, the study of Heeke L series
and Heeke operators has permanently embedded his name in the fabric of number theory. It is a
rare occurrence when a master writes a basic book, and Heeke's Lectures on the Theory of
Algebraic Numbers has become a classic. To quote another master, Andre Weil: To improve upon
Heeke, in a treatment along classical lines of the theory of algebraic numbers, would be a futile and
impossible task. We have tried to remain as close as possible to the original text in pre serving
Heeke's rich, informal style of exposition. In a very few instances we have substituted modern
terminology for Heeke's, e. g. , torsion free group for pure group. One problem for a student is the
lack of exercises in the book. However, given the large number of texts available in algebraic
number theory, this is not a serious drawback. In particular we recommend Number Fields by D. A.
Marcus (Springer-Verlag) as a particularly rich source. We would like to thank James M. Vaughn Jr.
and the Vaughn Foundation Fund for their encouragement and generous support of Jay R. Goldman
without which this translation would never have appeared. Minneapolis George U. Brauer July 1981
Jay R.
  algebraic number theory: Classical Theory of Algebraic Numbers Paulo Ribenboim,
2013-11-11 The exposition of the classical theory of algebraic numbers is clear and thorough, and
there is a large number of exercises as well as worked out numerical examples. A careful study of
this book will provide a solid background to the learning of more recent topics.
  algebraic number theory: Algebraic Number Theory Serge Lang, 2013-06-29 This is a second
edition of Lang's well-known textbook. It covers all of the basic material of classical algebraic
number theory, giving the student the background necessary for the study of further topics in
algebraic number theory, such as cyclotomic fields, or modular forms. Lang's books are always of
great value for the graduate student and the research mathematician. This updated edition of
Algebraic number theory is no exception.—-MATHEMATICAL REVIEWS
  algebraic number theory: Algorithmic Algebraic Number Theory M. Pohst, H. Zassenhaus,
1997-09-25 Now in paperback, this classic book is addresssed to all lovers of number theory. On the
one hand, it gives a comprehensive introduction to constructive algebraic number theory, and is
therefore especially suited as a textbook for a course on that subject. On the other hand many parts



go beyond an introduction an make the user familliar with recent research in the field. For
experimental number theoreticians new methods are developed and new results are obtained which
are of great importance for them. Both computer scientists interested in higher arithmetic and those
teaching algebraic number theory will find the book of value.
  algebraic number theory: A Course in Computational Algebraic Number Theory Henri
Cohen, 2013-04-17 A description of 148 algorithms fundamental to number-theoretic computations,
in particular for computations related to algebraic number theory, elliptic curves, primality testing
and factoring. The first seven chapters guide readers to the heart of current research in
computational algebraic number theory, including recent algorithms for computing class groups and
units, as well as elliptic curve computations, while the last three chapters survey factoring and
primality testing methods, including a detailed description of the number field sieve algorithm. The
whole is rounded off with a description of available computer packages and some useful tables,
backed by numerous exercises. Written by an authority in the field, and one with great practical and
teaching experience, this is certain to become the standard and indispensable reference on the
subject.
  algebraic number theory: Algebraic Number Theory Zhang Xian Ke, 2016-03-14
ALGEBRAIC NUMBER THEORY provides concisely both the fundamental and profound theory,
starting from the succinct ideal theory (Chapters 1-3), turning then to valuation theory and local
completion field (Chapters 4-5) which is the base of modern approach. After specific discussions on
class numbers, units, quadratic and cyclotomic fields, and analytical theory (Chapters 6-8), the
important Class Field Theory (Chapter 9) is expounded, and algebraic function field (Chapter 10) is
sketched. This book is based on the study and lectures of the author at several universities.
  algebraic number theory: Theory of Algebraic Integers Richard Dedekind, 1996-09-28 A
translation of a classic work by one of the truly great figures of mathematics.
  algebraic number theory: Elementary and Analytic Theory of Algebraic Numbers Wladyslaw
Narkiewicz, 2004-06-24 This book details the classical part of the theory of algebraic number theory,
excluding class-field theory and its consequences. Coverage includes: ideal theory in rings of
algebraic integers, p-adic fields and their finite extensions, ideles and adeles, zeta-functions,
distribution of prime ideals, Abelian fields, the class-number of quadratic fields, and factorization
problems. The book also features exercises and a list of open problems.
  algebraic number theory: Algebraic Number Theory H. Koch, 2012-12-06 From the reviews:
... The author succeeded in an excellent way to describe the various points of view under which
Class Field Theory can be seen. ... In any case the author succeeded to write a very readable book on
these difficult themes. Monatshefte fuer Mathematik, 1994 ... Number theory is not easy and quite
technical at several places, as the author is able to show in his technically good exposition. The
amount of difficult material well exposed gives a survey of quite a lot of good solid classical number
theory... Conclusion: for people not already familiar with this field this book is not so easy to read,
but for the specialist in number theory this is a useful description of (classical) algebraic number
theory. Medelingen van het wiskundig genootschap, 1995
  algebraic number theory: A Course in Algebraic Number Theory Robert B. Ash,
2010-01-01 This text for a graduate-level course covers the general theory of factorization of ideals
in Dedekind domains as well as the number field case. It illustrates the use of Kummer's theorem,
proofs of the Dirichlet unit theorem, and Minkowski bounds on element and ideal norms. 2003
edition.
  algebraic number theory: Algebraic Number Theory Ian Stewart, 1979-05-31 The title of
this book may be read in two ways. One is 'algebraic number-theory', that is, the theory of numbers
viewed algebraically; the other, 'algebraic-number theory', the study of algebraic numbers. Both
readings are compatible with our aims, and both are perhaps misleading. Misleading, because a
proper coverage of either topic would require more space than is available, and demand more of the
reader than we wish to; compatible, because our aim is to illustrate how some of the basic notions of
the theory of algebraic numbers may be applied to problems in number theory. Algebra is an easy



subject to compartmentalize, with topics such as 'groups', 'rings' or 'modules' being taught in
comparative isolation. Many students view it this way. While it would be easy to exaggerate this
tendency, it is not an especially desirable one. The leading mathematicians of the nineteenth and
early twentieth centuries developed and used most of the basic results and techniques of linear
algebra for perhaps a hundred years, without ever defining an abstract vector space: nor is there
anything to suggest that they suf fered thereby. This historical fact may indicate that abstrac tion is
not always as necessary as one commonly imagines; on the other hand the axiomatization of
mathematics has led to enormous organizational and conceptual gains.
  algebraic number theory: Algebraic Number Fields Janusz, 1995-12-05 The book is directed
toward students with a minimal background who want to learn class field theory for number fields.
The only prerequisite for reading it is some elementary Galois theory. The first three chapters lay
out the necessary background in number fields, such as the arithmetic of fields, Dedekind domains,
and valuations. The next two chapters discuss class field theory for number fields. The concluding
chapter serves as an illustration of the concepts introduced in previous chapters. In particular, some
interesting calculations with quadratic fields show the use of the norm residue symbol. For the
second edition the author added some new material, expanded many proofs, and corrected errors
found in the first edition. The main objective, however, remains the same as it was for the first
edition: to give an exposition of the introductory material and the main theorems about class fields
of algebraic number fields that would require as little background preparation as possible. Janusz's
book can be an excellent textbook for a year-long course in algebraic number theory; the first three
chapters would be suitable for a one-semester course. It is also very suitable for independent study.
  algebraic number theory: Algebraic Number Theory Frazer Jarvis, 2014-06-23 This
undergraduate textbook provides an approachable and thorough introduction to the topic of
algebraic number theory, taking the reader from unique factorisation in the integers through to the
modern-day number field sieve. The first few chapters consider the importance of arithmetic in fields
larger than the rational numbers. Whilst some results generalise well, the unique factorisation of the
integers in these more general number fields often fail. Algebraic number theory aims to overcome
this problem. Most examples are taken from quadratic fields, for which calculations are easy to
perform. The middle section considers more general theory and results for number fields, and the
book concludes with some topics which are more likely to be suitable for advanced students, namely,
the analytic class number formula and the number field sieve. This is the first time that the number
field sieve has been considered in a textbook at this level.
  algebraic number theory: The Theory of Algebraic Numbers: Second Edition Harry Pollard,
Harold G. Diamond , 1975-12-31 This monograph makes available, in English, the elementary parts
of classical algebraic number theory. This second edition follows closely the plan and style of the
first edition. The principal changes are the correction of misprints, the expansion or simplification of
some arguments, and the omission of the final chapter on units in order to make way for the
introduction of some two hundred problems.
  algebraic number theory: Quadratic Number Theory J. L. Lehman, 2019-02-13 Quadratic
Number Theory is an introduction to algebraic number theory for readers with a moderate
knowledge of elementary number theory and some familiarity with the terminology of abstract
algebra. By restricting attention to questions about squares the author achieves the dual goals of
making the presentation accessible to undergraduates and reflecting the historical roots of the
subject. The representation of integers by quadratic forms is emphasized throughout the text.
Lehman introduces an innovative notation for ideals of a quadratic domain that greatly facilitates
computation and he uses this to particular effect. The text has an unusual focus on actual
computation. This focus, and this notation, serve the author's historical purpose as well; ideals can
be seen as number-like objects, as Kummer and Dedekind conceived of them. The notation can be
adapted to quadratic forms and provides insight into the connection between quadratic forms and
ideals. The computation of class groups and continued fraction representations are featured—the
author's notation makes these computations particularly illuminating. Quadratic Number Theory,



with its exceptionally clear prose, hundreds of exercises, and historical motivation, would make an
excellent textbook for a second undergraduate course in number theory. The clarity of the exposition
would also make it a terrific choice for independent reading. It will be exceptionally useful as a
fruitful launching pad for undergraduate research projects in algebraic number theory.
  algebraic number theory: Algebraic Theory of Numbers Pierre Samuel, 2008 Algebraic
number theory introduces students to new algebraic notions as well as related concepts: groups,
rings, fields, ideals, quotient rings, and quotient fields. This text covers the basics, from divisibility
theory in principal ideal domains to the unit theorem, finiteness of the class number, and Hilbert
ramification theory. 1970 edition.
  algebraic number theory: An Introduction to Algebraic Number Theory Takashi Ono,
2012-12-06 This book is a translation of my book Suron Josetsu (An Introduction to Number Theory),
Second Edition, published by Shokabo, Tokyo, in 1988. The translation is faithful to the original
globally but, taking advantage of my being the translator of my own book, I felt completely free to
reform or deform the original locally everywhere. When I sent T. Tamagawa a copy of the First
Edition of the original work two years ago, he immediately pointed out that I had skipped the
discussion of the class numbers of real quadratic fields in terms of continued fractions and (in a
letter dated 2/15/87) sketched his idea of treating continued fractions without writing explicitly
continued fractions, an approach he had first presented in his number theory lectures at Yale some
years ago. Although I did not follow his approach exactly, I added to this translation a section
(Section 4. 9), which nevertheless fills the gap pointed out by Tamagawa. With this addition, the
present book covers at least T. Takagi's Shoto Seisuron Kogi (Lectures on Elementary Number
Theory), First Edition (Kyoritsu, 1931), which, in turn, covered at least Dirichlet's Vorlesungen. It is
customary to assume basic concepts of algebra (up to, say, Galois theory) in writing a textbook of
algebraic number theory. But I feel a little strange if I assume Galois theory and prove Gauss
quadratic reciprocity.
  algebraic number theory: Algebraic Number Theory Jürgen Neukirch, 2012-12-22 This
introduction to algebraic number theory discusses the classical concepts from the viewpoint of
Arakelov theory. The treatment of class theory is particularly rich in illustrating complements,
offering hints for further study, and providing concrete examples. It is the most up-to-date,
systematic, and theoretically comprehensive textbook on algebraic number field theory available.
  algebraic number theory: Commutative Algebra David Eisenbud, 2013-12-01 This is a
comprehensive review of commutative algebra, from localization and primary decomposition through
dimension theory, homological methods, free resolutions and duality, emphasizing the origins of the
ideas and their connections with other parts of mathematics. The book gives a concise treatment of
Grobner basis theory and the constructive methods in commutative algebra and algebraic geometry
that flow from it. Many exercises included.
  algebraic number theory: Algebraic Theory of Numbers. (AM-1), Volume 1 Hermann
Weyl, 2016-04-21 In this, one of the first books to appear in English on the theory of numbers, the
eminent mathematician Hermann Weyl explores fundamental concepts in arithmetic. The book
begins with the definitions and properties of algebraic fields, which are relied upon throughout. The
theory of divisibility is then discussed, from an axiomatic viewpoint, rather than by the use of ideals.
There follows an introduction to p-adic numbers and their uses, which are so important in modern
number theory, and the book culminates with an extensive examination of algebraic number fields.
Weyl's own modest hope, that the work will be of some use, has more than been fulfilled, for the
book's clarity, succinctness, and importance rank it as a masterpiece of mathematical exposition.
  algebraic number theory: The Theory of Algebraic Number Fields David Hilbert, 2013-03-14 A
translation of Hilberts Theorie der algebraischen Zahlkörper best known as the Zahlbericht, first
published in 1897, in which he provides an elegantly integrated overview of the development of
algebraic number theory up to the end of the nineteenth century. The Zahlbericht also provided a
firm foundation for further research in the theory, and can be seen as the starting point for all
twentieth century investigations into the subject, as well as reciprocity laws and class field theory.



This English edition further contains an introduction by F. Lemmermeyer and N. Schappacher.
  algebraic number theory: Cohomology of Number Fields Jürgen Neukirch, Alexander
Schmidt, Kay Wingberg, 2013-09-26 This second edition is a corrected and extended version of the
first. It is a textbook for students, as well as a reference book for the working mathematician, on
cohomological topics in number theory. In all it is a virtually complete treatment of a vast array of
central topics in algebraic number theory. New material is introduced here on duality theorems for
unramified and tamely ramified extensions as well as a careful analysis of 2-extensions of real
number fields.
  algebraic number theory: A Textbook of Algebraic Number Theory Sudesh Kaur Khanduja,
2022-04-26 This self-contained and comprehensive textbook of algebraic number theory is useful for
advanced undergraduate and graduate students of mathematics. The book discusses proofs of
almost all basic significant theorems of algebraic number theory including Dedekind’s theorem on
splitting of primes, Dirichlet’s unit theorem, Minkowski’s convex body theorem, Dedekind’s
discriminant theorem, Hermite’s theorem on discriminant, Dirichlet’s class number formula, and
Dirichlet’s theorem on primes in arithmetic progressions. A few research problems arising out of
these results are mentioned together with the progress made in the direction of each problem.
Following the classical approach of Dedekind’s theory of ideals, the book aims at arousing the
reader’s interest in the current research being held in the subject area. It not only proves basic
results but pairs them with recent developments, making the book relevant and thought-provoking.
Historical notes are given at various places. Featured with numerous related exercises and
examples, this book is of significant value to students and researchers associated with the field. The
book also is suitable for independent study. The only prerequisite is basic knowledge of abstract
algebra and elementary number theory.
  algebraic number theory: Computational Algebraic Number Theory M.E. Pohst, 1993-09
Computational algebraic number theory has been attracting broad interest in the last few years due
to its potential applications in coding theory and cryptography. For this reason, the Deutsche
Mathematiker-Vereinigung initiated an introductory graduate seminar on this topic in Dusseldorf.
The lectures given there by the author served as the basis for this book which allows fast access to
the state of the art in this area. Special emphasis has been placed on practical algorithms - all
developed in the last five years - for the computation of integral bases, the unit group and the class
group of arbitrary algebraic number fields. The workshops organized by the Gesselschaft fur
mathematische Forschung in cooperation with the Deutsche Mathematiker-Vereinigung (German
Mathematics Society) are intended to help, in particular, students and younger mathematicians, to
obtain an introduction to fields of current research. Through the means of these well-organized
seminars, scientists from other fields can also be introduced to new mathematical ideas. The
publication of these workshops in the series DMV SEMINAR will make the material available to an
even larger audience.
  algebraic number theory: Basic Number Theory. Andre Weil, 2013-12-14 Itpzf}JlOV, li~oxov
uoq>ZUJlCJ. 7:WV Al(JX., llpoj1. AE(Jj1. The first part of this volume is based on a course taught at
Princeton University in 1961-62; at that time, an excellent set ofnotes was prepared by David
Cantor, and it was originally my intention to make these notes available to the mathematical public
with only quite minor changes. Then, among some old papers of mine, I accidentally came across a
long-forgotten manuscript by ChevaIley, of pre-war vintage (forgotten, that is to say, both by me and
by its author) which, to my taste at least, seemed to have aged very welt It contained abrief but
essentially com plete account of the main features of c1assfield theory, both local and global; and it
soon became obvious that the usefulness of the intended volume would be greatly enhanced if I
inc1uded such a treatment of this topic. It had to be expanded, in accordance with my own plans,
but its outline could be preserved without much change. In fact, I have adhered to it rather c10sely
at some critical points.
  algebraic number theory: A Classical Introduction to Modern Number Theory K. Ireland,
M. Rosen, 2013-03-09 This book is a revised and greatly expanded version of our book Elements of



Number Theory published in 1972. As with the first book the primary audience we envisage consists
of upper level undergraduate mathematics majors and graduate students. We have assumed some
familiarity with the material in a standard undergraduate course in abstract algebra. A large portion
of Chapters 1-11 can be read even without such background with the aid of a small amount of
supplementary reading. The later chapters assume some knowledge of Galois theory, and in
Chapters 16 and 18 an acquaintance with the theory of complex variables is necessary. Number
theory is an ancient subject and its content is vast. Any intro ductory book must, of necessity, make a
very limited selection from the fascinat ing array of possible topics. Our focus is on topics which
point in the direction of algebraic number theory and arithmetic algebraic geometry. By a careful
selection of subject matter we have found it possible to exposit some rather advanced material
without requiring very much in the way oftechnical background. Most of this material is classical in
the sense that is was dis covered during the nineteenth century and earlier, but it is also modern
because it is intimately related to important research going on at the present time.
  algebraic number theory: Number Theory in Function Fields Michael Rosen, 2013-04-18
Early in the development of number theory, it was noticed that the ring of integers has many
properties in common with the ring of polynomials over a finite field. The first part of this book
illustrates this relationship by presenting analogues of various theorems. The later chapters probe
the analogy between global function fields and algebraic number fields. Topics include the
ABC-conjecture, Brumer-Stark conjecture, and Drinfeld modules.
  algebraic number theory: Basic Number Theory Andre Weil, 1995-02-15 From the reviews:
L.R. Shafarevich showed me the first edition [...] and said that this book will be from now on the
book about class field theory. In fact it is by far the most complete treatment of the main theorems of
algebraic number theory, including function fields over finite constant fields, that appeared in book
form. Zentralblatt MATH
  algebraic number theory: Number Theory 1 Kazuya Kato, Nobushige Kurokawa, Takeshi
Saitō, 2000 This is the English translation of the original Japanese book. In this volume, Fermat's
Dream, core theories in modern number theory are introduced. Developments are given in elliptic
curves, $p$-adic numbers, the $\zeta$-function, and the number fields. This work presents an
elegant perspective on the wonder of numbers. Number Theory 2 on class field theory, and Number
Theory 3 on Iwasawa theory and the theory of modular forms, are forthcoming in the series.
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