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Partial Differential Equations Worked Examples: Mastering

PDEs Through Practice

Are you grappling with the complexities of partial differential equations (PDEs)? Do seemingly simple
equations leave you scratching your head, unsure of where to even begin? You're not alone! Many
students and professionals find PDEs challenging, but with the right approach and plenty of practice,
conquering them is entirely achievable. This comprehensive guide provides a collection of partial
differential equations worked examples, walking you through the solutions step-by-step. We'll cover
various techniques and approaches, equipping you with the skills to tackle your own PDE problems

with confidence. Get ready to unlock the secrets of these powerful mathematical tools!

Understanding Partial Differential Equations: A Quick Refresher

Before diving into the worked examples, let's briefly review what partial differential equations are.
Unlike ordinary differential equations (ODEs) which involve functions of a single variable, PDEs involve
functions of multiple independent variables and their partial derivatives. These equations describe a
wide range of phenomena in physics, engineering, finance, and other fields, modeling everything from

heat diffusion and wave propagation to stock price fluctuations. Common types of PDEs include:

Elliptic PDEs: These typically describe steady-state phenomena, like Laplace's equation (Dzu = 0),
which governs potential fields.

Parabolic PDEs: These model diffusion processes, with the heat equation (Du/[lt = [”:lzu) being a
prime example.

Hyperbolic PDEs: These describe wave phenomena, exemplified by the wave equation (I:lzull:lt2 =

clleu).



Partial Differential Equations Worked Examples: The Heat Equation

Let's start with a classic: the one-dimensional heat equation. This equation describes how temperature

changes over time in a one-dimensional rod. The equation is:
[lu/l:lt = [l |:|2u/|:|x2
where:
u(x,t) represents the temperature at position x and time t.
[I is the thermal diffusivity of the material.
Worked Example 1: Solving the Heat Equation with Specific Boundary Conditions
Consider a rod of length L with fixed temperatures at both ends (boundary conditions). Let's say u(0,t)
= 0 and u(L,t) = 0 for all t, and the initial temperature distribution is u(x,0) = sin(Dx/L). We can solve
this using separation of variables:
1. Assume a solution of the form: u(x,t) = X(x)T(t)
2. Substitute into the heat equation: X(x)T'(t) = DX"(x)T(t)
3. Separate variables: T'(t)/([lT(t)) = X"(x)/X(x) = -[l (where D is a separation constant)

4. Solve the ODEs: This leads to two ordinary differential equations, one for X(x) and one for T(t).

5. Apply boundary conditions: The boundary conditions u(0,t) = 0 and u(L,t) = 0 determine the

allowed values of [l and the form of X(x).



6. Construct the general solution: The general solution is a superposition of solutions corresponding

to different values of D

7. Apply initial condition: The initial condition u(x,0) = sin([lx/L) determines the coefficients in the

general solution.

The complete solution involves trigonometric functions and exponential decay, demonstrating how the
temperature profile evolves over time, eventually reaching a steady state. Detailed calculations are
best illustrated with a step-by-step approach on a whiteboard or using mathematical software like
Mathematica or MATLAB. The key is understanding the process of separation of variables and how to

apply boundary and initial conditions.

Partial Differential Equations Worked Examples: Laplace's Equation

Laplace's equation, Dzu = 0, describes steady-state phenomena where there's no time dependence.

It's frequently used in electrostatics, fluid mechanics, and other areas.
Worked Example 2: Solving Laplace's Equation in a Rectangular Region

Consider a rectangular region with specified boundary conditions. For example, u(0,y) = 0, u(a,y) = 0,
u(x,0) = 0, and u(x,b) = f(x). We again utilize separation of variables, leading to solutions involving
trigonometric functions. The process mirrors that of the heat equation, but the time-dependent part is
absent. The final solution is obtained by applying the boundary condition u(x,b) = f(x) and using

Fourier series to represent f(x).

Partial Differential Equations Worked Examples: Wave Equation

The wave equation, |:|2u/|:|t2 = cz[lzu, describes the propagation of waves. This equation has



applications in acoustics, electromagnetism, and seismology.

Worked Example 3: The Vibrating String

A classic application of the wave equation is modeling the vibration of a string. Consider a string of

length L fixed at both ends. The boundary conditions are u(0,t) = 0 and u(L,t) = 0. The initial conditions
might specify the initial displacement and velocity of the string. Separation of variables yields solutions
involving trigonometric functions that represent standing waves with specific frequencies and modes of

vibration. Again, the initial conditions dictate the coefficients in the general solution.

Beyond the Basics: Numerical Methods for PDEs

While analytical solutions are ideal, they aren't always feasible for complex PDEs. Numerical methods,
such as finite difference, finite element, and finite volume methods, provide powerful tools for
approximating solutions. These methods discretize the spatial and temporal domains, transforming the
PDE into a system of algebraic equations that can be solved computationally. Exploring these

numerical methods is crucial for tackling real-world problems where analytical solutions are intractable.

Conclusion

Mastering partial differential equations requires a strong foundation in calculus and a willingness to
practice. By working through these partial differential equations worked examples, you've gained
practical experience with fundamental solution techniques and seen how different types of PDEs are
approached. Remember that consistent practice and a methodical approach are essential. Don't be
afraid to explore further resources, consult textbooks, and utilize mathematical software to deepen your
understanding. The journey of mastering PDEs might be challenging, but the rewards in terms of

problem-solving skills and understanding complex phenomena are immense.

FAQs



. What is the difference between an ordinary differential equation and a partial differential
equation? An ODE involves functions of a single independent variable and their derivatives,

while a PDE involves functions of multiple independent variables and their partial derivatives.

. Which numerical methods are commonly used to solve PDEs? Finite difference, finite element,

and finite volume methods are widely used for numerical solutions of PDEs.

. Are there any online resources for practicing PDE problems? Yes, many online resources,
including educational websites, online courses, and mathematical software packages, provide

problems and tutorials on PDEs.

. What are some real-world applications of PDEs? PDEs are used in a vast range of applications,
including fluid dynamics, heat transfer, wave propagation, electromagnetism, finance, and image

processing.

. How can | improve my understanding of PDEs if I'm struggling? Start with the basics, focusing
on understanding the different types of PDEs and the fundamental solution techniques. Work
through numerous examples, and seek help from instructors or online communities if needed.

Consistent practice is key.
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