BISECTION METHOD FOR FINDING ROOTS 2

BisecTioN MeTHoD For FINDING RooTs 2: A CoMPREHENSIVE GUIDE

FINDING THE ROOTS OF AN EQUATION — THOSE ELUSIVE VALUES OF X THAT MAKE THE EQUATION EQUAL TO ZERO — IS A
FUNDAMENTAL TASK IN MANY FIELDS, FROM ENGINEERING AND PHYSICS TO ECONOMICS AND FINANCE. WHILE SOME EQUATIONS
YIELD SOLUTIONS EASILY, MANY REQUIRE MORE SOPHISTICATED TECHNIQUES. ONE SUCH POWERFUL AND SURPRISINGLY SIMPLE
METHOD IS THE BISECTION METHOD. THIS POST DIVES DEEP INTO THE BISECTION METHOD FOR FINDING ROOTS, EXPLAINING THE
PROCESS CLEARLY, OFFERING PRACTICAL EXAMPLES, AND ADDRESSING COMMON QUESTIONS. WE'LL GO BEYOND A BASIC
UNDERSTANDING, PROVIDING YOU WITH THE TOOLS TO CONFIDENTLY APPLY THIS TECHNIQUE TO YOUR OWN PROBLEMS.
PREPARE TO UNLOCK THE SECRETS OF ROOT-FINDING!

\WHAT IS THE BISECTION METHOD?

THE BISECTION METHOD IS A NUMERICAL METHOD, MEANING IT USES ITERATIVE CALCULATIONS TO APPROXIMATE A SOLUTION
RATHER THAN FINDING AN EXACT, ANALYTICAL SOLUTION. |T LEVERAGES THE INTERMEDIATE V ALUE THEOREM, WHICH STATES
THAT IF A CONTINUOUS FUNCTION F(X) CHANGES SIGN BETWEEN TWO POINTS A AND B, THEN THERE MUST BE AT LEAST ONE
ROOT WITHIN THE INTERV AL [A, B]. THE BISECTION METHOD SYSTEMATICALLY HALVES THIS INTERVAL, REPEATEDLY
NARROWING DOWN THE LOCATION OF THE ROOT UNTIL THE DESIRED LEVEL OF ACCURACY IS REACHED.

STEPS INVOLVED IN THE BISECTION METHOD

HerE'S A STEP-BY-STEP GUIDE TO USING THE BISECTION METHOD:

1. IDENTIFY AN INTERVAL: BEGIN BY FINDING AN INTERVAL [A, B] WHERE THE FUNCTION F(X) CHANGES SIGN. THIS MEANS F(A)
AND F(B) MUST HAVE OPPOSITE SIGNS (ONE POSITIVE, ONE NEGATIVE). THIS CONFIRMS THE EXISTENCE OF AT LEAST ONE
ROOT WITHIN THE INTERVAL.

1. CALCULATE THE MIDPOINT: FIND THE MIDPOINT OF THE INTERVAL, C = (A +8) / 2.

1. EVALUATE THE FUNCTION AT THE MiDPOINT: CALcULATE F(C).

1. CHeck THE SIGN:

IF F(c) = O, THEN C IS THE ROOT, AND THE PROCESS STOPS.
IF F(c) HAS THE SAME SIGN AS F(A), THE ROOT LIES IN THE INTERVAL [C, B]. REPLACE A WITH C.
IF F(C) HAS THE SAME SIGN AS F(B), THE ROOT LIES IN THE INTERVAL [A, C]. REPLACE B WITH C.

1. RepEAT: GO BACK TO STEP 2 AND REPEAT THE PROCESS UNTIL THE DESIRED LEVEL OF ACCURACY IS ACHIEVED. THIS IS
OFTEN DEFINED BY A TOLERANCE LEVEL (E), WHERE THE INTERVAL WIDTH (& - Al) IS LESS THAN E. ALTERNATIVELY, YOU
CAN SPECIFY A MAXIMUM NUMBER OF ITERATIONS.



ExAMPLE: FINDING THE RooT ofF F(X) = x2 - 2

LET'S FIND AN APPROXIMATE ROOT OF THE EQUATION F(X) = x? - 2 USING THE BISECTION METHOD. W/E ARE ESSENTIALLY
TRYING TO FIND THE SQUARE ROOT OF 2.

1. INTERVAL: LET'S CHOOSE THE INTERVAL [1, 2].F(1) =-1 anp F(2) = 2. THE FUNCTION CHANGES SIGN, SO A ROOT
EXISTS WITHIN THIS INTERVAL.

1. ITerATION 1:c=(1+2)/2=1.5.7(1.5) = 0.25. SInce F(1.5) Is POSITIVE (SAME SIGN AS F(2)), THE NEW
INTERVAL BECOMES [ 1, 1.5].

1. ITeraTIoN 2: ¢ = (1 + 1.5) / 2 =1.25.F(1.25) = -0.4375. THe NEw INTERVAL Is [1.25, 1.5].

1. ITeraTION 3: ¢ =(1.25+ 1.5) / 2 =1.375.7(1.375) =-0.109375. THe New INTERVAL IS [1.375, 1.5].

W/E CAN CONTINUE THIS PROCESS UNTIL THE DESIRED ACCURACY IS REACHED. NOTICE HOW THE INTERVAL CONTAINING THE
ROOT GETS PROGRESSIVELY SMALLER WITH EACH ITERATION.

ADVANTAGES AND DISADVANTAGES OF THE BISECTION METHOD

ADVANTAGES:

GUARANTEED CONVERGENCE: THE BISECTION METHOD IS GUARANTEED TO CONVERGE TO A ROOT IF AN INITIAL INTERVAL WITH A
SIGN CHANGE IS FOUND.

SIMPLICITY: THE ALGORITHM IS STRAIGHTFORWARD AND EASY TO IMPLEMENT.

ROBUSTNESS: IT'S RELATIVELY INSENSITIVE TO THE INITIAL GUESS.

DISADVANTAGES:

SLow CONVERGENCE: COMPARED TO OTHER ROOT-FINDING METHODS, THE BISECTION METHOD CONVERGES RELATIVELY
SLOWLY.

REQUIRES AN INITIAL INTERVAL: YOU NEED TO FIND AN INITIAL INTERVAL WHERE THE FUNCTION CHANGES SIGN. THIS CAN
SOMETIMES BE CHALLENGING.

CoNcCLUSION

THE BISECTION METHOD OFFERS A RELIABLE AND EASY-TO-UNDERSTAND APPROACH TO FINDING ROOTS OF EQUATIONS. W HILE
ITS CONVERGENCE SPEED MIGHT NOT BE THE FASTEST, ITS GUARANTEED CONVERGENCE AND SIMPLICITY MAKE IT A VALUABLE
TOOL IN YOUR NUMERICAL ANALYSIS ARSENAL. UNDERSTANDING ITS MECHANICS AND LIMITATIONS ALLOWS YOU TO APPLY IT
EFFECTIVELY AND APPRECIATE ITS PLACE AMONG MORE ADVANCED ROOT-FINDING TECHNIQUES. REMEMBER TO ALWAYS CHOOSE
AN APPROPRIATE TOLERANCE LEVEL OR MAXIMUM ITERATION COUNT TO CONTROL THE ACCURACY AND EFFICIENCY OF YOUR
CALCULATIONS.



FAQs

1. WHAT IF THE FUNCTION DOESN'T CHANGE SIGN IN THE CHOSEN INTERVAL? IF THE FUNCTION DOESN'T CHANGE SIGN, IT
MEANS THERE'S NO GUARANTEE OF A ROOT WITHIN THAT INTERVAL. YOU'LL NEED TO CHOOSE A DIFFERENT INTERVAL.

1. CAN THE BISECTION METHOD FIND MULTIPLE ROOTS? THE BISECTION METHOD WILL ONLY FIND ONE ROOT WITHIN THE
GIVEN INITIAL INTERVAL. TO FIND OTHER ROOTS, YOU'D NEED TO SELECT DIFFERENT INTERVALS WHERE THE FUNCTION
CHANGES SIGN.

1. How DO | CHOOSE THE RIGHT TOLERANCE LEVEL (E)? THE CHOICE OF E DEPENDS ON THE DESIRED ACCURACY. A SMALLER
E LEADS TO HIGHER ACCURACY BUT REQUIRES MORE ITERATIONS. CONSIDER THE CONTEXT OF YOUR PROBLEM TO
DETERMINE AN APPROPRIATE VALUE.

1. W/HAT HAPPENS IF THE FUNCTION HAS A ROOT AT THE MIDPOINT? |F F(C> = O, THE METHOD HAS SUCCESSFULLY FOUND
THE ROOT, AND THE PROCESS TERMINATES.

1. ARE THERE ALTERNATIVES TO THE BISECTION METHOD? YES/ MANY OTHER ROOT-FINDING METHODS EXIST, SUCH AS THE
NEW TON-RAPHSON METHOD, SECANT METHOD, AND FALSE PosiTion METHOD, EACH WITH ITS OWN ADVANTAGES AND
DISADVANTAGES. THESE METHODS OFTEN CONVERGE FASTER THAN THE BISECTION METHOD BUT MAY REQUIRE MORE
SOPHISTICATED CALCULATIONS OR INITIAL ESTIMATIONS.
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